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PREFACE. 



The great importance of Descriptive Geometry, not 
merely as an aid to the Draughtsman but as an instru- 
ment of education, has never yet been fully recognised in 
this country. And yet there are few subjects which call 
so many mental forces into action, few subjects so well 
calculated to form a clear, vigorous, and logical mind. 
A mathematical problem may usually be attacked by 
what is termed in military parlance the method of 
" systematic approach," that is to say, its solution may 
be gradually felt for, even though the successive steps 
leading to that solution cannot be clearly foreseen. But 
a Descriptive Geometry problem must be seen through 
and through before it can be attempted, the entire scope 
of its conditions as well as each step towards its solu- 
tion must be grasped by the imagination. It must be 
" taken by assault/' 

The want of a text book on the subject has been much 
felt by the present writer in dealing with large numbers 
of students. It was found impossible to keep a class of 
twenty-five fully employed. Time was inevitably lost in 
explaining away small individual difficulties, and in set- 
ting problems suiting individual cases. A text book was 
required which explained first principles fully and syste- 
matically, which preserved a clear and logical sequence 
throughout its pages, and which furnished examples 
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bearing directly on the subject-matter of each chapter. 
The time available for this subject was very small, the 
required text book must contain all that a finished Engi- 
neering Draughtsman would require, and no more. Exist- 
ing works did not satisfactorily meet the wants of the case. 
Some supposed the student to know too much, others gave 
him credit for knowing nothing. Some went beyond the 
requirements of the Engineer, others fell far short of those 
requirements. Some were mere collections" of problems, 
observing no apparent sequence. The present work is an 
attempt to embody the Descriptive Geometry course 
prescribed at Cooper's Hill, and to meet the requirements 
of young Engineers generally. Failing a thorough know- 
ledge of the principles of the subject, intelligent draughts- 
manship is obviously impossible, and those principles, 
constituting as they do the theory of drawing, must (like 
all other theory) be studied in the abstract before they can 
be applied to actual practice. Further, it is obviously 
desirable that in order to enable the Draughtsman to 
meet the many and varied requirements of his work, and 
to prevent him from breaking down in the presence of 
exceptional conditions, the study of this theory of drawing 
should be carried somewhat farther than might at first 
sight appear to be needed. Thus, although the immediate 
practical bearing of much of the contents of the present 
work may not be at first apparent, it is nevertheless 
believed to contain nothing with which every Engineer 
should not be conversant. The main objects of the writer 
have been to bring general principles into prominence, to 
illustrate those principles by a variety of problems fully 
explained, pointing out at the same time any peculiarities 
worthy of remark ; and finally, to append to each chapter 
a considerable number of problems, with occasional hints 
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as to their solution. The whole is prefaced by a few 
remarks on the use of drawing instruments, a few general 
rules, and (as a help to instructors) a large number of 
problems in Plane Geometry, classed under various heads. 
To render the work more complete, and in order that the 
directly practical element may not be wanting, a final 
chapter has been added, containing general rules and con- 
ventions to be observed in all Engineering Drawings, and 
also some few hints as to lining, colouring, printing, choice 
of instruments, &c, which it is hoped will be found 
of value. Care has been bestowed on the plates, that they 
may be as far as possible examples of drawing and not 
mere Euclid figures. By a strange irony, illustrations to 
works of the kind are too often more fitted to serve 
as warnings than as guides to the student. The two 
elements of success in draughtsmanship are sound theory 
and continued practice. No text book can supply the 
place of the latter, but due attention to written instructions 
will at least save time — and paper. 

Cooper's Hill. 
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It is hoped that the new form which has been given to 
this book will add to such usefulness as it may possess. 
Although its size has been changed, the original plates 
are retained, but are now included in a separate cover. 
The process of turning backwards and forwards when 
referring to a complicated figure is somewhat confusing, 
and the plan of keeping text and plates altogether 
separate — long popular on the Continent — is believed to 
be the most generally convenient. To render the work 
more complete and self-contained, a chapter on perspec- 
tive has been added, in which the rationale of the subject 
is treated with somewhat more fulness than is universal. 
Other additions and amplifications have been made, which 
a larger experience, both in teaching and examination, 
could not fail to suggest. 

London, 1883. 
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PLANE GEOMETEY. 

INTKODUCTION. 

Practical Plane Geometry has two main objects, viz. : object* of 

1st. The solution of problems of all kinds by graphic Practical 
methods, i. e. by pure construction. Geometry. 

2nd. The delineation of the various figures and curves 
which occur in the Arts and are required for the purposes 
of engineering drawing generally. 

Considered in the first sense, Practical Plane Geometry 
presents a wide field of operations and one which is being 
gradually extended by French and German Geometri- 
cians so as to comprehend a large number of statical 
and dynamical problems before treated by analytical 
methods solely. On the other hand, the constant re- 
currence of purely geometrical forms in every branch 
of engineering drawing, and in that of machinery in par- 
ticular, renders a knowledge of the subject essential to 
the practical draughtsman. 

The present work being intended mainly as a text- 
book of "Practical Solid" or "Descriptive" Geometry 
and Perspective, it has been thought advisable merely to 
propound a considerable number of plane geometrical 
problems, and to leave them to be worked by the student 
with the assistance and at the discretion of an instructor. 
A few remarks on drawing instruments and a few rules of 
universal application are given, as likely to be of value to 
beginners. 

B 
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PLANE GEOMETRY. 



Instru- 
ment*. 

Drawing 
pens. 



Large 
compasses. 



Small 
compasses. 



Spring 
bows. 



The following instruments are necessary for geometrical 
drawing :— 

Two drawing pens, one for fine and the other for thick 
lines. Great care is required in their use and treatment 
They should be held steadily and at a constant angle to 
the paper. The ink must be introduced between the nibs 
by means of a small brush or the feather of a quill pen, 
and as soon as it begins to thicken the points should be 
wiped clean with blotting-paper previous to refilling. 
After use, drawing pens should be carefully wiped with 
wash-leather. 

Two pairs of compasses, one smaller for use as 
ts dividers" only, in transferring lengths from scales, 
setting off distances, &c; the other larger, with a 
movable limb which can be replaced at pleasure by an 
ink or pencil leg. These latter compasses should have 
needle points. In using dividers care must be taken 
not to make holes in the paper, a very slight indent 
being all that is necessary to mark a point. 

Two small compasses, one having a fixed pencil and the 
other a fixed pen leg. These are required for drawing 
small pencil and ink circles. Both should have needle 
points and jointed limbs. In drawing circles the jointed 
limbs of the compasses should be bent so as to stand at 
right angles to the paper. 

Spring dividers and bows will also be found useful 
when small distances have to be accurately transferred 
to the paper, or very small pencil and ink circles to be 
drawn. The distance between the points of these spring 
dividers and bows is regulated by a screw, which prevents 
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them from spreading, keeps them fixed at any required 
radius, and allows of an easier and more exact adjustment 
to that radius. 

Two large right-angled triangles, called " set squares," Set 
made of pearwood or ebonite, one having an angle of fl< i uarefl - 
60°, the other of 45°. These are used in drawing lines 
parallel, perpendicular, and at 30°, 45°, and 60° to each 
other. 

A " X square," suited to the size of the drawing board ; T square. 
one of 30 inches, to be used with an " imperial " (30" x 
22") board, will be found most generally useful. 

An ivory "protractor" for setting off angles of any Protractor. 
given number of degrees is necessary. This also com- 
bines diagonal scales of quarter inches and half inches 
decimally divided, a scale of chords, and a variety of 
other useful scales. 

An ivory sector, combining double scales of lines, Sector. 
chords, sines, tangents, secants, &c, will be found useful 
in facilitating a variety of operations, by saving the 
trouble of construction. 

Pencils of the class H H are best suited for mechanical Pencils. 
drawing generally, and for geometrical drawing proper, 
a fine point is much to be preferred to a chisel-shaped 
one. 

Colours, saucers, Indian ink, and brushes are indis- Colours, 
pensable. &c - 

Whatman's " cold pressed " is recommended. p ape r. 

1. Make every construction as large as the limits of General 
your paper allow, and bestow all possible care on the Rules - 
pencilling, remembering that in no case is it likely that 
pencil errors will be obviated in the after inking in. 

2. In drawing a line through a point be sure that it 
does actually pass through the point; small errors are 
multiplied in any long construction, and may materially 
affect results. 

3. Draw no more lines than are absolutely necessary : 
a large number of lines tend to confuse a drawing and 
lead to mistakes in inking. 

b 2 
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17. Find the angle between the lines x + y tJZ = 0, and x — 

18. Find the length of the perpendicular from the point 1,-2, on 
the line x + y — 4 = 0. 

19. Draw the lines represented by the equation y* — 4 x y + 
3 «c» = 0. 

LINES AND CIRCLES. 

Lines and 20. Draw the arc of a circle passing through three given points 

circles. without using the centre. 

(Points 5", 3- 75", and 2" 5" apart.) 

21. Draw the tangent at any point to a circular arc; the centre 
being supposed unavailable. 

(Arc as in No. 20.) 

22. Draw two tangents to a given circle from an outside point. 

(Circle 1-25" rs., pt. 3" from cr.) 

23. Draw tangents to two given circles. 

(Circles 1-25" and -75" rii., crs. 3" apart.) 

24. Between two given lines, not parallel, draw a series of circles 
touching each other and the lines. 

25. Draw a continuous curve formed of circular arcs, passing through 
any number of given points. 

26. On a given line describe the segment of a circle containing a 

given angle. 

(Line 2", angle 55°.) 

27. Draw a circle touching two given circles and passing through a 
given point. 

(Circles 1-25" and -75" rii., crs. 2 '5" apart.) 

28. Draw a circle passing through a given point and touching two 
given lines not parallel. 

29. Draw a circle touching two given circles, one of them in a given 

point. 

(Data as in No. 27.) 

30. Draw circles touching three given unequal circles. 

(Circles 1", 1'25", 1*55" rii., centres at the angles of an equilateral 

triangle of 3" side.) 

31. Draw a circle touching a given circle and a given line and 
passing through a given point external to both. 

(Circle 1" rs., line 1'68" from cr.) 

32. Draw a circle touching a given circle and line, the latter in a 
given point. 

(Data as in No. 31.) 

33. Draw a circle teaching a given circle and line, the former in a 

given point. 

(Data as in No. 31.) 
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34. Draw a circle passing through two given points and touching a 
given line. 

(Points 1" and 1'5" from line and 2" apart.) 

35. Draw a circle passing through two given points and cutting a 
given circle in the extremities of a diameter. 

(Circle 1-6" rs., pts. 1-3" and 1'75" from cr. and 2 -5" apart.) 

36. Draw a series of circles touching a given line, a given circle, 

and each other. 

(Circle 1-85" rs., line 2- 85" from cr.) 

37. Draw a circle of given radius passing through a given point and 
touching a given circle. 

(Circle 1-5" rs., given rs. 1".) 

38. Draw a circle of given radius touching two given circles. 

/lst Given rs. 1", circles 1*3" and -75" rii., crs. 2* 6" apart.\ 
\2nd. „ 3 , >, „ „ „ / 

39. Draw a circle of given radius touching a given line and a given 
circle 

(Circle 1 • 75" rs., line 2 • 75" from cr., given rs. 1 • 5".) 

40. Inscribe within a given circle three equal semicircles having 

their diameters adjacent. 

(Circle 2" rs.) 

41. From two given external points draw two lines meeting in a 
point of the circumference of a given circle and making equal angles 
with the tangent at that point. 

(Circle 2" rs., pts. 4" and 3 • 5" from cr. and 4" apart.) 

42. Chords are drawn through a given point to a given circle, and 
tangents are drawn at the extremities of each chord. Shew that the 
locus of intersection of these tangents is a straight line. 

(Circle 2" rs., pt. 3" from cr.) 

43. Determine the intersection of the circle y 2 + a> 2 = 16 with the 
lines y + x = 1, y +x = - 3, 3y + 4a> = - 15 (unit *5"). 



PLANE FIGURES. 

44. Construct a triangle, given its perimeter and the ratio of its Plane 
angles. figures. 

(Perimeter 7*9" ; angles as 2 : 3 : 4.) 

45. Construct a triangle, given one side A B, the altitude and the 

angle C. 

(AB 4", altitude 2 -8", angle C 60°.) 

46. Construct a triangle, given the radius of its inscribed circle and 
two of its angles. 

(Rs. of circle 1*3", angles 50° and 65°.) 



8 PRACTICAL GEOMETRY. 

47. Construct a triangle, given its perimeter, altitude, and vertical 
angle. 

(Perimeter 7* 5", altitude 2* 2", vertl. angle 65°.) 

48. Construct an equilateral triangle of given area. 

(Area 2*4 sqre. inches.) 

49. Construct a triangle, given the area and the ratio of its angles. 

(Area 2 * 5 sqre. inches, angles as 2 : 3 : 4.) 

50. Reduce an irregular figure to a triangle. 

(Figure 8 sides, no side to be less than 1".) 

51. Construct any right-angled triangle having a given perimeter. 

(Perimeter 7 •5".) 

52. Divide an irregular figure into any number of equal parts by 
lines drawn through one of its angles. 

(Figure 9 sides, no side less than 1", 10 equal parts.) 

53. Divide a triangle into two equal parts by a line parallel to one 
side. 

(Triangle 3", 2 -5", 3*7" sides.) 

54. Divide a triangle into two equal parts by a line perpendicular to 
one side. 

(Data as in No. 53, line perpr. to longest side.) 

55. Divide a triangle into two equal parts by a line passing through 
a given external point. 

(Triangle as in No. 53, point 1*5" from each extremity of shortest 

side.) 

56. Inscribe any regular polygon in a given circle. 

(Rs. of given circle 1 * 75", polygon a nonagon.) 

57. Construct a regular polygon of given side. 

(Side 1 • 5", polygon a heptagon.) 

58. Construct a regular polygon equal to an irregular four^sided 
figure. 

(Sides of figure 1'75", 3*5", 2' 5", 3*3", diagonal 4*25", polygon a 

pentagon.) 

59. Inscribe a square in a trapezium having equal adjacent sides. 

(Sides 1-6" and 2' 5", diagonal 2-5".) 

60. Construct a triangle equal to, and having its base on the same 
line as, a given triangle, but with its vertex in a given point. 

(Triangle equilateral, 2 •75" side.) 

61. Reduce an irregular four-sided figure to a square of equal 

area. 

(Figure as in No. 58.) 

62. Construct an octagon by cutting off the angles of a square. 

(Square 2- 5" side.) 

63. Inscribe a square in a given triangle. 

(Triangle 2", 3", and 3 '6" sides.) 
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64. Construct a parallelogram equal to a given triangle in area and 
perimeter. 

(Triangle as in No. 63, parallelogram to have an angle of 60°.) 

65. Divide a circle into any number of parts, equal in area and 
perimeter. (Rs. of circle, 2", 5 parts.) 

66. Construct a rectilinear figure, whose area shall have a given ratio 
to that of a given rectilinear figure ; the figures to be similar. 

67. Construct a square equal to a regular polygon. 

(Polygon a hexagon of 2" side.) 

68. The side and diagonal of a square are together equal to 6". 
Construct the square. 

69. Inscribe in a given circle a rectangle of maximum area. 

(Circle 2" rs.) 

70. Inscribe three circles in a given isosceles triangle. 

(Triangle 3", 4", and 4" sides.) 

71. Describe a circle whose area shall have a given ratio to that of 
a given circle. (Rs. of given circle 1 *3" ; ratio 2 : 5.) 

72. Describe a circle equal in area to the difference of two given 
circles. (Rii. of circles 2 • 5" and 1".) 

73. Describe a circle equal to the sum of two given circles. 

(Rii. of circles • 75" and *5".) 

74. Construct a regular polygon equal to a given regular polygon, 
but with one side more. 

(Polygon, heptagon 1'3" side.) 

THE PARABOLA. 

75. Draw a parabola, given the focus and directrix. The 

(Focus 2" from directrix.) parabola. 

76. Draw a parabola, given the ordinate to the axis, at any point, 
the tangent at this point, and one other point on the curve. 
(Ordinate and tangent inclined at 60°, point 2" from tangent and 1*5" 

from ordinate*) 

77. Determine a tangent and normal at any point to a parabola. 

(Parabola as in No. 75.) 

78. Draw a parabola touching a given circle in a given point, and 
such that its axis touches the circle in another given point. 

(Circle 1*5" rs., pts. at the extremities of a chord 3*75" long.) 

79. If a triangle be inscribed in a parabola, shew that the points in 
which the sides produced cut the tangents at the opposite angles are in 
the same straight line. 

(Parabola as in No. 75.) 

80. Draw a parabola having given three points on the curve and the 
direction of its axis. 
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THE ELLIPSE. 



The 81. Draw an ellipse, given the major and minor axes, 

ellipse. (Axes 4" and 2 * 5".) 

82. Draw an ellipse, given two conjugate diameters. 

(Diameters 4" and 3", inclined at 55°.) 

83. Draw a tangent and normal at any point to an ellipse. 

(Ellipses as in Nos. 81 and 82.) 

84. Draw tangents from any external point to an ellipse. 

85. Given the conjugate diameters of an ellipse, determine the axes. 

(Diameters as in No. 82 ) 

86. Determine the centre and radius of curvature at any point of an 
ellipse, and draw the evolute of one quadrant. 

(Ellipse as in No. 81.) 

87. Given a diameter and one ordinate of an ellipse, determine the 
conjugate diameter. 

88. Inscribe an ellipse in a given trapezium. 

(Trapezium 2", 2 . 2", 4", and 4 • 5" sides, diagonal 3 • 5".) 

89. Draw a curve formed of circular arcs with five centres, approxi- 
mating to a half ellipse. 

(Span 4", versine 1 # 5".) 

90. Given the foci, describe an ellipse touching a given line. 

(Foci 3" apart) 

91. A diameter of an ellipse, parallel to the tangent at any point, 
meets the focal distances of the point. From the points of intersection 
lines are drawn perpendicular to the focal distances. Shew that these 
perpendiculars intersect in the minor axis. 

(Axes of ellipse 5" and 3".) 

THE HYPERBOLA. 

Thg 92. Draw a hyperbola, given the vertex and foci, 

hyperbola. (Foci '75" and 2* 25" from vertex.) 

93. Draw a rectangular hyperbola, given the centre and the vertex. 

(Vertex 2" from centre.) 

94. Draw a tangent and normal at any point, to a hyperbola. 

(Hyperbola as in No. 92.) 

95. Draw a tangent to a hyperbola from any point outside the curve. 

(Hyperbola as in No. 92.) 

96. Determine the asymptotes of a hyperbola whose vertex and foci 
are given, and draw the conjugate hyperbola. 

(Given hyperbola as in No. 92.) 
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CYCLOIDAL CURVES. 

97. Draw a cycloid. Cycloidal 

(Rs. of generating circle 1".) curves. 

98. Determine the tangent and normal to a cycloid at any point. 

(Cycloid as in No. 97.) 

99. Draw the trochoid described by a point within the generating 
circle. 

(Rs. of generating circle 1*25", pt. '75" from its centre.) 

100. Draw the trochoid described by a point without the generating 
circle. 

(Rs. of generating circle 1", pt. 1'6" from centre.) 

101. Draw the epicycloid. 

(Rs. of directing circle 2*5", rs. of generating circle 1 ;/ .) 

102. Draw the hypocycloid. 

(Data as in No. 101.) 

103. Shew that the hypocycloid becomes a straight line when the 
diameter of the generator is half that of the director. 

(Rs. of director 2".) 

104. Shew that the hypotrochoid becomes an ellipse when the 
diameter of the generating circle is half that of the director. 

(Rs. of director 2".) 

SPIRALS. 

105. Draw the involute of a given circle to pass through a given Spirals, 
point. 

(Rs. of circle 1-5", pt. 3 '4" from cr.) 

106. Draw the spiral, the distance of any point of which from the 
pole is directly proportional to the angle made by the radius with the 
axis. (Spiral of Archimedes.) 

(The spiral to cut the axis after one convolution at a point 1 • 5" from 

the pole.) 

107. Draw the spiral, the distance of any point of which from the 
pole is proportional to the square of the angle made by the radius with 
the axis. 

(The curve to cut the axis after one convolution at a point • 75" from 

the pole.) 

108. Draw the spiral, the radius at any point of which varies in- 
versely as the angle it makes with a fixed axis. (The Reciprocal 
spiral.) 

(Asymptote 5" from pole.) 
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109. Draw the Equiangular or Logarithmic spiral. 

(Greatest diameter 5", pole 3" from the extremity of the diameter.) 

110. Draw the Ionic Volute. 

(Greatest radius 3' 25".) 

MISCELLANEOUS. 

Miscella- 111. Draw the Companion to the cycloid. 

neous - (Radius of circle 1".) 

112. Draw the Harmonic curve. 

(Height 1- 5".) 

113. Draw the Lemniscate, given the length and height. 

(Length 3", height 1".) 

114. Draw the Cissoid. 

(Pole 2" from asymptote.) 

115. Draw the superior and inferior Conchoid. 

(Pole 1" from asymptote. Portion of radius Vector intercepted between 

the curve and its asymptote 1'25".) 
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PEACTICAL SOLID GEOMETRY. 
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INTKODUCTION. 

The main object of "Practical Solid" or "Descriptive" objects of 
Geometry is "the investigation of methods by which Q^oStJ 176 
bodies of three dimensions of various forms and in various 
positions can be correctly represented on paper." Of 
such methods two only — "Orthographic Projection" 
and "Isometric Projection" — are as a rule employed 
by the Engineer draughtsman, while " Perspective " 
or " Badial Projection " more especially concerns the 
Architect. 

Besides its directly practical uses, Descriptive Geo- 
metry affords a means of correctly representing various 
complex curved surfaces, and of " deducing and verify- 
ing a variety of theorems resulting from their forms 
and relative positions." Descriptive Geometry is in this 
sense the servant of Analytical Geometry of three dimen- 
sions. The subject frequently presents considerable diffi- 
culties to beginners. These arise chiefly from a want of 
imagination. The single plane of the paper has often to 
do duty for several planes variously inclined to it, and it 
is not easy at first to imagine the latter in their true 
relative positions. The student is particularly advised to 
obtain a complete mastery of first principles and to 
accustom his mind to the realisation of the actual posi- 
tions of points and lines only, before proceeding further. 
It may be added, that a thorough knowledge of the 
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elements of Descriptive Geometry is absolutely essential 
to intelligent draughtsmanship. A mere unreasoning 
acquaintance with a few general rules is sure to prove 
insufficient in the presence of any slightly exceptional 
conditions. 
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ORTHOGRAPHIC PROJECTION. 
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CHAPTEE II. 

POINTS AND LINES. 

The position of a point in space is determined if its Theorem 1. 
situation with respect to two fixed planes is known. 

The two fixed planes are assumed horizontal and 
vertical respectively, and the point is referred to these 
planes by dropping from it a perpendicular on each of 
them. 

The two planes are termed "Co-ordinate Planes," or Definitions. 
" Planes of Projection " ; the perpendiculars dropped on Planes of 
them from any point, "Projectors," and the intersection P ro J ectlon - 
of these perpendiculars with the planes, " Projections " of p r T c ° 18 ' 
that point. tions. 

Further, the intersection of the perpendicular with the Plan and 
horizontal plane (i. e. the horizontal projection) is termed elevatlon - 
the "Plan," and the intersection of the perpendicular 
with the vertical plane (i. e. the vertical projection) is 
termed the " Elevation " of the point. 

The intersection of the planes of projection is called the Ground 
"Ground Line," or xy, and the four right angles formed hne * 
by these intersecting planes are spoken of as " Dihedral Di h©<frai 

a i » angles. 

Angles. 6 

The above definitions should be clearly understood and 
carefully remembered. 

A clear notation is essential to render a complicated Notation. 
construction intelligible, and to prevent confusion arising 
between plan and elevation. It is usual to designate a 
point in space by a large alphabetical letter, e. g. A, 
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denoting its plan by the corresponding small letter a, and 
its elevation by a'. A point given by its projections a, 
a 1 would therefore be spoken of, either as the point A, or 
as the point a a'. A second and third elevation of the 
same point would consistently be denoted by a", a"'. 

Fig. l, Pi. I« Fig. 1, PI. I., gives an end view of the two planes of 
projection ; four points, A, B, C, D, are situate one in 
each of the dihedral angles, and following the above 
notation their elevations are lettered a', V, c' 9 d', and their 
plans a, b, c, d. But inasmuch as the paper presents only 
one available plane, we must suppose the vertical plane to 
rotate into coincidence with the horizontal plane, carry- 
ing with it the elevations a', V, c', d'. The arrows and 
arcs in Fig. 1 shew the direction in which this rotation is 
supposed to take. place. 

Fig. 2, Pi. I. In Fig. 2 we have the representation of the same 
points, A, B, C, D, when the planes of projection have 
been brought into coincidence. This figure should be 
clearly understood, as it forms the basis of the whole 
subject of Orthographic Projection. The student is there- 
fore recommended before going further to bend up a piece 
of paper or card, so as to form two planes at right angles, 
and then, after marking the projections of an imaginary 
point, to turn the paper down into one plane again. 
Fig. 2 also shews the use of a notation distinguishing 
plan and elevation in enabling us to see at a glance in 
which of the four dihedral angles any given point lies. 
The point A is, as may be seen by referring to Fig. 1, 
in the first angle, that is to say, above the horizontal 
and in front of the vertical plane; the point B is in the 
second angle, i. e. above the horizontal and behind the 
vertical plane ; while C is in the third angle, i. e. below 
the horizontal and behind the vertical plane ; and D is in 
the fourth angle, i. e. below the horizontal and in front of 
the vertical plane. The following important theorems 
may now be noticed. 

Theorem 2. The plan and elevation of any point must always lie in 
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a line at right angles to the ground line ; e. g. a a 1 
(Fig. 2). 

The distance of the plan of any point from the ground Theorem s. 
line is always equal to the distance of the point from the 
vertical plane; e.g. a a (Fig. 2) is equal to aO (Fig. 1), 
and therefore equal to A a' (Fig. 1), and A a' is the 
distance of A from the vertical plane. 

The distance of the elevation of any point from the Theorem 4. 
ground line is equal to the height of the point above the 
horizontal plane ; e. g. a' a (Fig. 2) is equal to a' (Fig. 1), 
and therefore to A a, and A a is the height of the point 
A above the horizontal plane. 

All points in the vertical plane have their plans in the Theorem 5. 
ground line ; e. g. the point E (Fig. 2). 

All points in the horizontal plane have elevations in the Theorem 6. 
ground line ; e. g. the point G (Fig. 2). 

When a point is in the ground line the plan and Theorem 7. 
elevation coincide ; e. g. the point H (Fig 2). 

If the plan and the elevation of any point on one vertical 
plane is given, any number of elevations on different 
vertical planes can be readily deduced. 

Thus, in Fig. 2, the line Z Z is assumed as the ground 
line of a new vertical plane, and the elevations (a", b", e", 
&c.) of the original points on this second plane are deter- 
mined. To effect this it is merely necessary to draw per- 
pendiculars from the plans of all the points to the new 
ground line, and then set off the distances a' a, V /3, &c, 
from this ground line on these perpendiculars. These 
distances must of course be set off on the same side of 
the ground line as the plans or not, according as the 
points are below or above the horizontal plane. 

Lines. 

The Projections of a straight line are made up of the Projections 
projections of all its points, and as the projectors of all ° a me ' 
points on a straight line must be contained by planes 
at right angles to the planes of projection and passing 
through the line, the intersection of these perpendicular 

c 
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denoting its plan by the corresponding small letter a, and 
its elevation by a'. A point given by its projections a, 
a' would therefore be spoken of, either as the point A, or 
as the point a a 1 . A second and third elevation of the 
same point would consistently be denoted by a", a". 

Fig. 1, pi. L Fig. 1, PL L, gives an end view of the two planes of 
projection ; four points, A, B, C, D, are situate one in 
each of the dihedral angles, and following the above 
notation their elevations are lettered a', V, e' 9 d\ and their 
plans a, b, e, d. But inasmuch as the paper presents only 
one available plane, we must suppose the vertical plane to 
rotate into coincidence with the horizontal plane, carry- 
ing with it the elevations a\ V, c', d'. The arrows and 
arcs in Fig. 1 shew the direction in which this rotation is 
supposed to take, place. 

Fig, 2, Pi, L In Fig. 2 we have the representation of the same 
points, A, B, C, D, when the planes of projection have 
been brought into coincidence. This figure should be 
clearly understood, as it forms the basis of the whole 
subject of Orthographic Projection. The student is there- 
fore recommended before going further to bend up a piece 
of paper or card, so as to form two planes at right angles, 
and then, after marking the projections of an imaginary 
point, to turn the paper down into one plane again. 
Fig. 2 also shews the use of a notation distinguishing 
plan and elevation in enabling us to see at a glance in 
which of the four dihedral angles any given point lies. 
The point A is, as may be seen by referring to Fig. 1, 
in the first angle, that is to say, above the horizontal 
and in front of the vertical plane ; the point B is in the 
second angle, i. e. above the horizontal and behind the 
vertical plane ; while C is in the third angle, i. e. below 
the horizontal and behind the vertical plane ; and D is in 
the fourth angle, i. e. below the horizontal and in front of 
the vertical plane. The following important theorems 
may now be noticed. 

Theorem 2. The plan and elevation of any point must always lie in 
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a line at right angles to the ground line ; e. g. a a 1 
(Fig. 2). 

The distance of the plan of any point from the ground Theorem 3. 
line is always equal to the distance of the point from the 
vertical plane ; e.g. a a (Fig. 2) is equal to a (Fig. 1), 
and therefore equal to Ad (Fig. 1), and A a' is the 
distance of A from the vertical plane. 

The distance of the elevation of any point from the Theorem 4. 
ground line is equal to the height of the point above the 
horizontal plane ; e. g. a' a (Fig. 2) is equal to a' (Fig. 1), 
and therefore to A a, and A a is the height of the point 
A above the horizontal plane. 

All points in the vertical plane have their plans in the Theorem 5. 
ground line ; e. g. the point E (Fig. 2). 

All points in the horizontal plane have elevations in the Theorem 6. 
ground line ; e. g. the point G (Fig. 2). 

When a point is in the ground line the plan and Theorem 7. 
elevation coincide ; e. g. the point H (Fig 2). 

If the plan and the elevation of any point on one vertical 
plane is given, any number of elevations on different 
vertical planes can be readily deduced. 

Thus, in Fig. 2, the line Z Z is assumed as the ground 
line of a new vertical plane, and the elevations (a", 6", c" 9 
&c.) of the original points on this second plane are deter- 
mined. To effect this it is merely necessary to draw per- 
pendiculars from the plans of all the points to the new 
ground line, and then set off the distances a! a, V y8, &a, 
from this ground line on these perpendiculars. These 
distances must of course be set off on the same side of 
the ground line as the plans or not, according as the 
points are below or above the horizontal plane. 

Lines. 

The Projections of a straight line are made up of the Projections 
projections of all its points, and as the projectors of all ° a me * 
points on a straight line must be contained by planes 
at right angles to the planes of projection and passing 
through the line, the intersection of these perpendicular 

c 
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denoting its plan by the corresponding small letter a, and 
its elevation by a'. A point given by its projections a, 
a' would therefore be spoken of, either as the point A, or 
as the point a a 1 . A second and third elevation of the 
same point would consistently be denoted by a", a"\ 

Fig. l, Pi. L Fig. 1, PI. I., gives an end view of the two planes of 
projection ; four points, A, B, C, D, are situate one in 
each of the dihedral angles, and following the above 
notation their elevations are lettered a', V, e', d\ and their 
plans a, b, c, d. But inasmuch as the paper presents only 
one available plane, we must suppose the vertical plane to 
rotate into coincidence with the horizontal plane, carry- 
ing with it the elevations a', V, c' 9 d\ The arrows and 
arcs in Fig. 1 shew the direction in which this rotation is 
supposed to take. place. 

Fig. 2, Pi. I. In Fig. 2 we have the representation of the same 
points, A, B, C, D, when the planes of projection have 
been brought into coincidence. This figure should be 
clearly understood, as it forms the basis of the whole 
subject of Orthographic Projection. The student is there- 
fore recommended before going further to bend up a piece 
of paper or card, so as to form two planes at right angles, 
and then, after marking the projections of an imaginary 
point, to turn the paper down into one plane again. 
Fig. 2 also shews the use of a notation distinguishing 
plan and elevation in enabling us to see at a glance in 
which of the four dihedral angles any given point lies. 
The point A is, as may be seen by referring to Fig. 1, 
in the first angle, that is to say, above the horizontal 
and in front of the vertical plane ; the point B is in the 
second angle, i. e. above the horizontal and behind the 
vertical plane ; while C is in the third angle, i. e. below 
the horizontal and behind the vertical plane ; and D is in 
the fourth angle, i. e. below the horizontal and in front of 
the vertical plane. The following important theorems 
may now be noticed. 

Theorem 2. The plan and elevation of any point must always lie in 
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a line at right angles to the ground line ; e. g. a a' 
(Fig. 2). 

The distance of the plan of any point from the ground Theorem 3. 
line is always equal to the distance of the point from the 
vertical plane; e.g. a a (Fig. 2) is equal to aO (Fig. 1), 
and therefore equal to A a (Fig. 1), and A a' is the 
distance of A from the vertical plane. 

The distance of the elevation of any point from the Theorem 4. 
ground line is equal to the height of the point above the 
horizontal plane ; e. g. a' a (Fig. 2) is equal to a' (Fig. 1), 
and therefore to A a, and A a is the height of the point 
A above the horizontal plane. 

All points in the vertical plane have their plans in the Theorem 5. 
ground line ; e. g. the point E (Fig. 2). 

All points in the horizontal plane have elevations in the Theorem 6. 
ground line ; e. g. the point G (Fig. 2). 

When a point is in the ground line the plan and Theorem 7. 
elevation coincide ; e. g. the point H (Fig 2). 

If the plan and the elevation of any point on one vertical 
plane is given, any number of elevations on different 
vertical planes can be readily deduced. 

Thus, in Fig. 2, the line Z Z is assumed as the ground 
line of a new vertical plane, and the elevations (a", b", c", 
&c.) of the original points on this second plane are deter- 
mined. To effect this it is merely necessary to draw per- 
pendiculars from the plans of all the points to the new 
ground line, and then set off the distances a' a, V ft, &c, 
from this ground line on these perpendiculars. These 
distances must of course be set off on the same side of 
the ground line as the plans or not, according as the 
points are below or above the horizontal plane. 

Lines. 

The Projections of a straight line are made up of the Projections 
projections of all its points, and as the projectors of all ° a lne * 
points on a straight line must be contained by planes 
at right angles to the planes of projection and passing 
through the line, the intersection of these perpendicular 
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Projecting 
plane. 



Traces of a 
line. 



Theorem 8. 
Theorem 9. 



Theorem 
10. 



Theorem 
11. 

Theorem 
12. 

Theorem 
13. 



planes with the planes of projection must be the pro- 
jections of the line. Hence, the projections of all straight 
lines are straight lines. 

The perpendicular planes containing the projectors of 
all points on a line are termed the projecting planes of th# 
line. In the case of a curved line the projecting plane 
is replaced by a curved surface, termed the projecting 
surface of the curve. 

All lines parallel to neither plane of projection must 
meet both* 

The point in which a line cuts the vertical plane of pro- 
jection is termed the vertical trace, and that in which it 
cuts the horizontal plane the horizontal trace of the line. 

A line parallel to one of the planes of projection has 
therefore a trace on the other. 

A line parallel to both planes of projection has no 
trace. 

A line parallel to neither plane of projection has a trace 
on each. 

The trace of a line on a plane to which it is perpen- 
dicular coincides with its projection on that plane. 

A little thought will render the following theorems 
evident. 

A line parallel to both planes of projection has both its 
projections parallel to the ground line. 

A line parallel to one plane of projection has its projec- 
tion on the other plane parallel to the ground line. 

A line at right angles to one plane of projection has for 
its projection on that plane a point, and on the other a 
line perpendicular to the ground line. 

A line passing through the ground line has its projec- 
tions meeting in a point of the ground line. 

The projection of a finite line on any parallel plane is 
an equal line. 

The projection of a finite line on any plane oblique to 
its direction is less than the line, and decreases as the 
inclination of the line to the plane increases ; in fact, if L 
be the length of any line in space, I its projection on any 
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plane, and the inclination of the line to the plane, then 
I = L cos. 0. 

The projection of any plane angle on a parallel plane is Theorem 
an equal angle. . u * 

The projections on any plane of equal parallel lines are Theorem 
themselves equal and parallel. 15, 

A line is determined if the position of two points on it Notation, 
are known ; hence it may be referred to either as the line 
a I, a! V, or A B, consistently with the notation adopted on 
p. 15. 

Fig. 3, PI. I., shews the projections of lines in six Fig. 3, pi.i. 
different positions with respect to the planes of pro- 
jection. 

A line parallel to both planes. Case I. 

A line parallel to the vertical and inclined to the hori- Case n. 
zontal plane. 

A line inclined to the vertical and parallel to the hori- Case in. 
zontal plane. 

A line perpendicular to the vertical and parallel to the Case iv. 
horizontal plane. 

A line parallel to the vertical and perpendicular to the Case v. 
horizontal plane. 

A line passing through the ground line and inclined to Case vi. 
both planes of projection. 

Figs. 4 and 5, PL II., shew lines a 6, a' V in two Figs. 4, 5, 
different positions inclined to both planes of projection. pl * n ' 

Given the projections of a line, to determine its Problem 
traces. *• 

The horizontal trace of a line is by definition (p. 18) a 
point in the horizontal plane, hence its elevation must 
be on the ground line (Theor. 6, p. 17). But as the 
horizontal trace is a point on the line itself, its elevation 
must be on the elevation of the line. Therefore the point 
in which the elevation of the line cuts the ground line 
must be the elevation of the horizontal trace; a line 
drawn from this point perpendicular to the ground line 
and cutting the plan will give this trace. By similar 

o 2 
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reasoning it is evident that the vertical trace is deter- 
mined by producing the plan to meet the ground line, 
and drawing a line from this point perpendicular to the 
ground line and cutting the elevation. 

The horizontal and vertical traces of the lines given in 

Figs. 4, 5, Figs. 4 and 5, PL II., are determined by this construction 

PL n ' and lettered h t and v t respectively. 

Problem Given the projections of a line, to determine the 
n - real length of the segment between any two points 

on it, and also its inclination to the horizontal and 

vertical plane. 

Fig. 6, PL A and B, given by their projections a a\ b V, are the two 
Il# points. Now the real line A B, its plan a b, and the pro- 

jectors of the points A and B form a trapezium in space, 
Fig. 7, PI. of the form shewn in Fig. 7. In this trapezium, the side 
a b is the plan of the line A B ; A a is the projector of A 
and therefore equal to a' a (Theor. 4), and similarly B b is 
equal to V fi (Fig. 6). Now if in this trapezium a line 
B h be supposed to be drawn parallel to a b, the angle 
will evidently be the angle made by the line A B with 
the horizontal plane, and the solution of the right-angled 
triangle ABA will give the length A B and the angle 0. 
But in this triangle the base h B is equal to a b, and the 
side A A is equal to the difference between A a and B b 9 or 
the difference between the heights of the points A and B 
in space. This difference is equal to the line a' h' (Fig. 6). 
Hence, if in Fig. 6 a line a A is drawn at right angles to a 6 
and equal to a' A', then A and b being joined give the angle 
0, while the line A b is equal to A B in space. The 
trapezium A a b B was of course merely alluded to for 
explanation, all the necessary construction being given in 
Fig. 6. The construction for finding the inclination of 
A B to the vertical plane will be of course exactly similar, 
the line V B at right angles to a' V being made equal to 
a g (the difference between the vertical projectors of A 
and B), <j> will be the inclination of A B to the vertical 
plane. It should be noticed that a' B and A b are both 
equal to the real length of the line A B. 
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The student is recommended to master the above 
problem thoroughly, as it involves several important 
elementary principles. 

Given the length A B of a finite line, and also its Problem 
inclinations to the planes of projection, to determine m ' 
its plan and elevation. 

This problem is merely the converse of Prob. II. Sup- 
pose a a! (Fig. 8) to be the point from which the line is Fig. 8. 
to be drawn. This point must be assumed, as it in nowise 
enters into the conditions of the problem, for the lengths of 
the plan and elevation of a line and its angles of inclina- 
tion remain unchanged if the line is moved in any 
direction parallel to itself (Theor. 15). Let $ and <f> be 



Fig. 8. 




the angles the line is to make with the horizontal and 
vertical planes of projection respectively. Anywhere on 
the paper construct two right-angled triangles AB,e 
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AB d, both having the given distance A B as hypothe- 
nuse, while one (-4 B c) has an angle 0, and the other 
(A B d) has an angle <f>. Now the distance B c must 
be equal to the difference of the heights of the two ends 
of the required line, that is to the difference of the heights 
of the elevations of the two ends of the line above the 
ground line (Theor. 4,jp. 17). Make a' h equal to B c, and 
draw a line through h parallel to the ground line. Then 
the elevation of the other end of the line required must be 
on the line drawn through h. But in the triangle A B d 
the side A d must be equal to the length of the elevation 
of the required line. With a' as centre, and radius equal 
to Ad, describe an arc cutting the horizontal through k 
in V. Then a' V is the elevation of the required line. But 
in the triangle A Be, the side A c must be equal to the 
length of the plan of the required line. With a as centre, 
and radius equal to A e, describe an arc cutting the line 
projected down from V in b. Then a b is the plan of the 
required line. 

Note a. If a line parallel to the ground line be drawn from b to cut the line 

a a* in g, then it will be found that a g is equal to Be. 

Note 6. The point b' might have been taken at a height above a' equal to B d 

instead of below. In this case we should have obtained the elevation 
a! b\. Similarly, the arc from a as centre, with radius equal to A d, 
will cut the line projected down from b' in another point h u as well as 
in b. Hence the line might have another plan a (,. Since each 
plan may have either of the two elevations and still fulfil the given 
conditions, it is evident that four lines can be drawn from the point 
a a' to the left, which will satisfy the condition of the problem. Four 
other lines can be drawn from the point a a' to the right. Hence the 
problem admits of eight solutions. On the other hand, four of the lines 
which can thus be drawn t;oincide in direction with the other four, and 
therefore there are only four lines which can be drawn from a given 
point to make given angles with the planes of projection. 

4 

Theorem The sum of the inclinations of a line to two planes 

16, at right angles to each other can never exceed 90°, and 

it attains this maximum when the line lies in a plane 

perpendicular to both planes. 

Note c. In this case the traces must both lie on a line at right angles to the 

ground line. 
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Draw a line through a given point parallel to a given ProbUm 
line. IT. 

The projections of the line required will be parallel to 
those of the given line (Theor. 15) and must pass through 
those of the given point. In Fig. 4, Fl. II, a line is f>t- *. n 
drawn through pp' parallel to the line A B. 

Determine the angle contained between two line*. Problem 

[N.B. If both the lines are parallel to one of the planes 
of projection, then the angle contained by their projec- 
tions on this plane will be the angle required (Theor. 
14).] 

In Fig. 9, PI. II., ab,a'b' and e d,c'd' are two lines 
intersecting in if. Determine their horizontal traces A (,, 
h t 3 (Prob. I.). Then evidently the angle h t v I, h t t , is 
the angle required and h t u i, h i* is its plan. To deter- 
mine this angle, join h t lt h t 2 , and suppose the triangle 
h t u I, h tfr to rotate down into the horizontal plane 
about this line. The point I will evidently come down 
into the horizontal plane on the prolongation of the per- 
pendicular ip drawn from i to the line of rotation A („ 
ht t ; to determine I therefore we have only to determine 
the real length of the line of which ip is the plan. The 
height of I is given by its elevation i (Theor. 4), and is 
equal to «' a. Making it" at right angles to ip equal to 
t'o, we obtain f'p, which is the real length of ip. Pro- 
duce p i to I, make p I equal to pi'; then joining I, h t lt 
and 1, h tt, the angle h t lt I, h t t (6), ia the required angle 
contained by the lines A B, CD. 

EXAMPLES. 

1. Determine the projections of points in the following positions 
with respect to the planee of projection. 

a. 2" aliove horizontal plane ; 1-5" in front of »j 

b. 1"5" below „ 2" „ 
& 2-25" above „ I "75" behind 

d. 1*75" below „ 2-26" in frontofj 

e. l - 76" above horizontal plane; behind v 

from ground line. 
/. Below horizontal plane ; J.-75" in front of * 
2-75" from »y. (Thoora, 2, 3, 4, and Fig. : 
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2. Two points are situated 2" and 1" from both planes of projection 
respectively, their plans are 3" apart. Determine the length of the 
line joining them and the angles it makes with the planes of projection. 
(Theor. 13 and Prob. II.) 

3. Assume the projections of a point 2" from the horizontal and 
2 * 5" from the vertical plane, and draw from this point a line 4" in 
length meeting the ground line. (Theor. 13.) 

4. Assume a point 2*5" from the horizontal and 2" from the 
vertical plane, and draw from it a line 4" long inclined at 20° and 35° 
to those planes respectively. (Theor. 13.) 

5. A line is inclined at 25° and 40° to the horizontal and vertical 
planes respectively, its traces are 4" apart. Determine its projections. 
(Theor. 13, Prob. I.) 

6. An equilateral triangle of 2" side is the plan of a triangle whose 
angles are 1", 2", 3", respectively above the horizontal plane. Deter- 
mine an elevation of this triangle on a vertical plane, making 40° with 
the plan of one of its sides. Determine also the real form of the 
triangle. (At starting draw the equilateral triangle so that one side 
makes 40° with x y. Then apply Theor. 4 and Prob. II.) 

7. A parallelogram (sides 2* 5" and 2", shorter inclined 30° to xy) 
is the plan of a rhombus of 3" side. One angle of this rhombus is 2" above 
the horizontal plane. Draw the elevation of the rhombus, and deduce a 
second elevation on a new ground line inclined 40° to xy. (Theors. 
13 and 4.) 

8. Assume the projections of any three points unequally distant 
from the planes of projection and forming a triangle in space. Deter- 
mine a fourth point, in the same plane with the three assumed points 
and 2" and 3" from the horizontal and vertical planes respectively. 
(On each of two sides, produced if necessary, of the triangle obtained 
by joining the three assumed points, determine a point 2" from the 
horizontal plane. Theor. 4. On the line joining the two points thus 
obtained, determine a point 3" from the vertical plane. Theor. 3.) 

9. Two lines inclined to the horizontal plane at angles of 20° and 
85° respectively are drawn from a point situated 2" from both planes 
of projection. The plans of these lines are inclined at 115° to each 
other. Determine the real angle included by the lines. (Prob. V.) 

10. The plan and elevation of a line are inclined at 35° and 45° 
respectively to xy. The horizontal trace of the line is 2" from the 
vertical plane. Draw a second line inclined at 30° and making 70° 
with the first. (Converse of Prob. V.) 

11. Given the projections of three points and the plan of a fourth 
point. Determine the elevation of the latter so that it shall lie in the 
same plane as the other three. 
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CHAPTER III. 

LINES AND PLANES. 

The lines in which a plane cuts the vertical and hori- Trace* of 
zontal planes of projection are respectively termed the j^ De * 
" vertical" and "horizontal traces " of that plane, and since 17. 
evidently no two planes can have the same traces, the 
position of a plane in space is fully determined if its traces 
are known. The rotation of the vertical plane of pro- 
jection about the ground line into coincidence with the 
horizontal plane is supposed to take place as explained 
in Chap. II., and illustrated by Fig. 1, PI. I. 

By bending a piece of cardboard to represent the planes 
of projection, and using a set square to represent pianos 
in any required position with respect to the cardboard 
planes, the following important Theorems will be rendered 
evident : — 

A horizontal plane can have only one trace, and this Theorem 
trace will be parallel to the ground line. 

A vertical plane parallel to the vertical plane of pro- Theorem 
jection can have only one trace, and this trace also will be 19, 
parallel to the ground line. 

A vertical plane not parallel to the vertical plane of pro- Theorem 
jection will have two traces, of which one (the vertical °" 
trace) must be perpendicular to the ground line. 

A plane perpendicular to the vertical plane of projec- Theorem 
tion but not horizontal will have two traces, of which one 
(the horizontal trace) must be perpendicular to the ground 
line. 

The two traces of a plane perpendicular to both planes Theorem 
of projection will coincide in a line at right angles to the 
ground line. 

All other planes will have both a vertical and a hori- Theorem 

i r 23. 

i 
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zontal trace, and these two traces, unless both parallel to 
the grotmd line, must meet in a point on it. Conversely, 
any two lines which meet in a point on the ground line 
must be the traces of some plane. 



Note. 



Theorem 
24. 



Theorem 
25. 

Theorem 
26. 



Theorem 
27 



Theorem 
2d. 



The two traces of a plane may as a special case coincide in a line 
making an angle with the ground line, and conversely any line drawn 
at any angle to the ground line will represent the traces of a plane. 
In 1 1. is case the angles made by the plane with the planes of projection 
are equal. 

The traces of a plane contain the traces of all lines 
lying in that plane ; since all lines in the plane, if they 
cut the planes of projection at all, can only cut it in points 
lying on the lines in which the plane itself cuts the planes 
of projection. 

The traces of parallel planes are respectively parallel. 
This follows from Euc. XL, 16. 

If a plane is perpendicular to either plane of projec- 
tion, its trace on that plane of projection makes with the 
ground line an angle equal to the dihedral angle con- 
tained between the plane itself and the other plane of 
projection. Thus, if two lines are drawn from any point 
of the ground line, one in the horizontal plane at right 
angles to the ground line and the other in the vertical 
plane, making with the ground line, these lines will be 
the traces of a plane at right angles to the vertical plane 
of projection and inclined to the horizontal plane of 
projection. 

If a plane is at right angles to two other planes which 
are not parallel, it will be at right angles to their inter- 
section (Euc. XL, 19), and it will cut the two planes in 
two lines, one in each plane. These two lines (both 
of which will be at right angles to the intersection of 
the planes) contain an angle equal to the dihedral 
angle contained by the planes themselves (Euc. XL, 
def. 6). 

If a line is perpendicular to a plane, its projections will 
be at right angles to the traces of the plane, each to each ; 
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i. e. the elevation at right angles to the vertical, and the 
plan to the horizontal trace. 

For if a line is perpendicular to a given plane, all 
planes containing it will be perpendicular to that plane ; 
hence, the " projecting plane " (p. 18) of the line will be 
perpendicular to that plane. But the projecting plane 
must also be perpendicular to the plane of projection. 
Therefore the projecting plane is perpendicular to the 
intersection of the given plane and the plane of projection, 
that is to the trace of the given plane ; while the pro- 
jection of the line which lies in the projecting plane must 
also be at right angles to the trace. A card model will 
render this clear. 

In future, the angle made by a plane or line with the horizontal Note, 
plane of projection will be spoken of simply as the inclination of that 
plane or line. 

In Fig. 13, PI. III., are represented, in order, the Fig. 13, Pi. 
several cases of planes referred to in Theors. 18, 19, 20, UL 
21, 22 {p. 25). 

Fig. 14 shews the general case of a plane oblique to Fi&. 14, Pi. 
both planes of projection, and also the projections (a h, 
a! V) of a line lying in that plane (Theor. 24). 

Cases III. and IV., Fig. 13, will also serve to illustrate 
Theor. 26 (p. 26). 

If a right cone has its base on either plane of projec- Theorem 
tion, the traces of all planes touching its surface must be 29# 
tangent to its base, and the inclination of all these planes 
to that plane of projection will be equal to the angle at 
the base of the cone. 

All lines which can be drawn from a fixed point to Theorem 
make a given angle with a fixed plane, must lie on the 30 - 
surface of a right cone, of which the vertex is the fixed 
point, and the angle at the base is equal to the given 
angle of inclination of the lines to the plane. 

Determine a plane to contain a given point and be p ro ^i em 
parallel to a given plane. I. 

The traces of the required plane will be parallel to 
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those of the given plane (Theor. 25), and if a horizontal 
line be drawn through the point parallel to the given 
plane, it must lie in the plane required; its vertical 
trace will therefore be a point on the vertical trace of 
the required plane. Having determined this point, the 
vertical trace of the required plane must be drawn through 
it and parallel to that of the given plane, and the hori- 
zontal trace through the intersection of the vertical trace 
with the ground line (Theor. 23) and parallel to the given 
horizontal trace. 

Problem Given the traces of two intersecting planes, to de- 
II * termine the projections of their intersection. 

The traces of this intersection must lie in the traces of 
both the planes (Theor. 24), since the intersection is a 
line common to both. 
Fig. 15, pi. The point vt (Fig. 15, PI. III.) is therefore the 
vertical and h t the horizontal trace of the intersection, 
and dropping perpendiculars on the ground line from 
these points, v t, /8, is the elevation, and h t, a, the plan 
required. 

Note a. If two of the traces (the vertical traces for example) are parallel as 

Fig. 16. in Fig. 16, then h' «' the elevation of the intersection will be parallel 

Fig. 16. 




to the vertical traces, and the plan h 8 will be parallel to the ground 
line. 
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If one of the planes z z x (Fig. 17) is horizontal, the other plane toh Note ft. 
must cut the plane z z x and the horizontal plane of projection in Fig. 17. 
parallel lines. (Euc. XI., 16.) Hence the intersection of the planes 
z 2, and toh must be parallel to oh, and consequently horizontal. But 
v' (the intersection of z z, and t o) must be its vertical trace. Hence 

Fio. 17. 




v b drawn from v, the plan of this vertical trace, parallel to o A, is the 
plan of the intersection, and 1/ z t is its elevation. 

Again, the intersection of two of the traces, the vertical traces for Note e. 
example, as in Fig. 18, may be too far off to be conveniently used. Fig. 18. 



Fig. 18. 




In this case, cut both the given planes toh, neh by any horizontal 
plane z z„ and obtain v x s, v 2 s the plans of the intersection of the 
given planes with z z x as in the preceding case. Now if any two planes 
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are cut by a third plane, the intersections of those planes with the 
third plane must intersect in a point on the intersections of the two 
planes themselves. Hence s must be a point on the plan of the inter- 
section of the planes t o h, n e h. Therefore h s is the plan of the inter- 
section of those planes. But h' the elevation of h is on the ground line, 
and s 7 the elevation of s is on zz x . Join h' y s'. Then h' a' is the 
elevation of the intersection of the two given planes. 

Problem Determine the angles made by a given plane with 

III. the plane of projection. 

Fig. 19, pi. In Fig. 19, v' h is the given plane, and v' v t is a 
m * vertical plane perpendicular to h (Theors. 20 and 28). 

The plane v' v t cuts the plane v' h in the line v' t ; the 
lines t v' and t v therefore contain an angle equal to the 
required inclination of the plane v' h, and we have 
merely to solve the right-angled triangle t v v'. This is 
done by making v T equal to v t, and joining T v' : the 
angle v T v' (a) is therefore the required inclination. The 
construction for determining the lines 8 h\ h! h, and for 
solving the triangle h 8 hi is exactly similar, and the angle 
hSh' (/8) is the required inclination of the plane v'Oh to 
the vertical plane of projection. 

Note a. It will be evident from the above construction that if the traces of 

the given plane make equal angles with x y, the plane must make 
equal angles with the planes of projection. 

Note b. The special case in which both traces coincide in a line inclined to 

x y should give rise to no difficulty. 

Problem Determine the traces of a plane that makes angles 

IV. and with the horizontal and vertical planes of projec- 
tion respectively. 

Suppose that two right cones are obtained whose ver- 
tices are situated in the horizontal and vertical planes, 
and bases in the vertical and horizontal planes re- 
spectively, and whose generatrices make and <f> with 
their bases respectively. The bases must be circles one on 
each plane of projection. Then the required plane must 
touch both these cones, and its traces must be tangent to 
their bases (Theor. 29). As a necessary condition that 
these cones can have a common tangent plane, they must 
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envelope a common sphere, to which the plane will also 
be tangent. This sphere most evidently have its centre 
on the ground line. 

Commence, therefore, by assuming a sphere whose centre rig. 20, pi. 
v (Fig. 20) is a point in the ground line. 1I,# 

The circle abe will be both plan and elevation of this 
sphere. The two lines v' e, hf touching the sphere and 
inclined and <f> to the ground line will be generatrices, 
and v' and h the vertices of the two cones. Arcs of circles 
(centre v and radii v e 9 v f) in the horizontal and vertical 
plane respectively are portions of the bases of the two 
cones, and the lines ho,v'o touching these arcs will be 
the traces of the plane required. (Theor. 29, p. 27.) 

The sum of the given inclinations (6 + <f>) must not exceed 180°, Note a. 
nor be less than 90°. When 6 + </> = 180° the plane will be at right 
angles to both planes of projection, its traces will therefore coincide in 
a line at right angles to x y (Case V., Fig. 13, PI. III.). When $ + <f> 
= 90° both traces will be parallel to x y. 

To determine a plane to contain a given point and make given Note b. 
angles with the planes of projection, it will be necessary merely to 
draw any plane inclined at the given angles, and to determine a parallel 
plane containing the given point (Prob. I.). 

Determine the dihedral angle contained between problem 
two given planes. V. 

The dihedral angle is measured by the angle contained 
between two lines, one in each plane, perpendicular to 
their line of intersection and drawn from any point on it 
(Euc. XI., def. 6.) 

This angle is determiued by drawing a third plane 
perpendicular to both the given planes and therefore 
to their intersection ; the lines in which this third plane 
cuts the given planes will then contain the required 
angle (Theor. 27, p. 26). 

In Fig. 21, PI. IV., v' A t, v' B t are the traces of pig. 21, pi. 
the two given planes. Their intersection v t, v' t' is 1V - 
determined (Prob. II.). The line p q, drawn at right 
angles to v t the plan of this intersection, will be the 
horizontal trace of some plane perpendicular to V T 
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(Theor. 28, p. 26), and therefore to both the given planes 
(Theor. 27). Now, if I is the point in which this perpen- 
dicular plane cuts V T, the angle p I q in space is the 
angle required. The triangle p I q is solved if we know 
I 8 the perpendicular drawn from I on the base p q. To 
obtain I s, the vertical triangle v' v t (which contains 1 s) 
is rotated into the vertical plane about v 1 v, carrying with 
it the point *. This rotation is shewn by arcs, S and T 
being the positions of 8 and t after rotation. Then a 
perpendicular from S on v' T determines S I', the length 
required. The triangle p I q is solved by rotation about 
p q, and 8 I being made equal to S I', p I q is the angle 
required. It may be remarked that the angle v' T v is 
the inclination of the intersection of the two given planes. 

Problem Determine the intersection of a given line and 

VI. plane. 

If any second plane containing the given line be 
determined, the required point will lie on the intersection 
of this second plane with the given plane. 

In Fig. 22, PL IV., v'Bt is the given plane; a b, a!V 
the given line; for simplicity, the second or auxiliary 
plane is assumed vertical, so that v'v, vb are its traces. 
The intersection (v t> v' t') of this vertical auxiliary plane 
with the given plane is now determined (Prob. II.). The 
required point must be common to the two lines a' V, a b 
and v' t',vt; hence i' is its elevation, and i its plan. 

Problem Determine the angle which a given line makes with 

VII. a given plane. 

If from any point on the line a perpendicular is drawn 
to the plane (Theor. 28, p. 26), and its intersection with 
the plane determined (Prob. VI.) ; then the line joining 
this intersection and the intersection of the given line and 
plane will make with the first line the angle required 
(Euc. XL, def. 5). This angle can be determined by 
Prob. V., Chap. II. The problem may also be solved by 
determining the angle which the perpendicular makes 



Fig. 22, PI. 
IV. 



LINES AND PLANES. 83 

with the given line, to which the required angle is 
evidently complementary. 

Given the plan of a point lying in a given plane to Prob lem 
determine : vm. 

1st. The elevation of the point. 

2nd. The lines drawn from the point at a given 
inclination and in the given plane. 

Suppose p to be the given plan, ( A * the given plane. Ft*. 23, PL 
and the given inclination (Fig. 23, PI. IV.). IV# 

1st. The required elevation of the point must lie in the 
elevation of a horizontal line passing through the point 
and lying in the plane ; of this line p t is the plan, V the 
vertical trace and t f p the elevation. The required eleva- 
tion of the point is therefore p'. 

2nd. The height of the point P is p' ir (Theor. 4, p. 17), 
and constructing the right-angled triangle p'mr with the 
given base-angle 0,mr is evidently the length in plan of 
all lines which can be drawn from P inclined to the 
horizontal plane. 

Since the required lines are to lie in the plane t' A a, 
their horizontal traces will be found by cutting the trace 
As by arcs from centre p with radius nir (Theor. 24 
p. 26) ; / and s will therefore be the horizontal traces of 
the lines required, and f $ the elevations of these hori- 
zontal traces. The required lines are therefore p' f, pf 9 
and p' $', p 3. 

The converse of the first part of the above construction serves to Note a. 
determine the plan of a point in a given plane if the elevation of that 
point is given or assumed. 

If the given inclination of the lines is less than that of the plane, Note 6. 
there will always he two lines fulfilling the condition. If this given 
inclination is equal to that of the plane, there will he but one line. If 
the given inclination is greater than that of the plane, the problem is 
impossible. 

Through a given point draw a line parallel to a Problem 
given plane and having a given inclination. 

Since it is easier to draw a line parallel to a given line 
than to a given plane, assume the projections of a point in 

D 
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the given plane by means of the first part of Prob. VIII. 
From this point draw a line having a given inclination 
and in the given plane (Prob. VIII.). Then a line from 
the given point parallel to the last drawn line (Theor. 
15, p. 19) will obviously fulfil the conditions of the 
problem. 

Problem Determine the plane containing three given points. 

By joining the points three lines are obtained, each of 
which lies in the plane required; the traces of two of 
these lines will therefore determine the required traces of 
the plane (Prob. I., Chap. II., and Theor. 24, p. 26). 

Problem Determine the plane containing a given line and a 
XI « given point. 

Draw a line through the given point parallel to the 
given line (Theor. 15, p. 19). Determine the traces of 
this last drawn line and of the given line (Prob. I. 
Chap. JI.). Then the traces of the required plane must be 
drawn though the traces of the lines (Theor. 24, p. 26). 

Problem From a given point draw a line which shall meet 
xn. two given lines not parallel. 

• 

The line required must evidently be common to two 
planes, each of which contains the given point and one of 
the given lines. Determine these two planes by Prob. XI., 
then their intersection (Prob. II.) is the line required 

Problem Determine a plane containing one given line and 
XIII. parallel to another given line. 

If from any point in the line which is to be contained 
by the plane, a line is drawn parallel to the line -to which 
the plane is to be parallel ; then the required plane must 
contain this last drawn line. Hence it remains merely 
to determine a plane containing two lines which meet 
(Prob. X., Theor. 24, p 26). 

Note. The following problems have special reference to the projection of 

solids, and should therefore be thoroughly mastered before the latter 
subject is attempted. 
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It will be noticed that in the preceding problems given planes have 
been invariably assumed as oblique to both planes of projection. This 
has been done to render the problems as general as possible. In the 
following cases, however, given planes will be assumed as perpendicular 
to the vertical plane of projection, in order to simplify constructions 
and lessen the number of lines necessary. 

This assumption must not be regarded as in any way involving 
merely special cases of the problems ; for it must be remembered that 
it is always legitimate and not unfrequently desirable to change the 
vertical co-ordinate plane by assuming a new ground line. Then an 
elevation on this new ground line being obtained, a second elevation 
on the original ground line is readily deduced (Chap. IL, First 
Principles). 

Determine the projections of any polygon, having Problem 
given the inclination of its plane and* also that of one 2TJV. 
of its sides or diagonals. 

Suppose the given figure to be a hexagon A B C D E F Fig/24, pi. 
(Fig. 24, PI. V.), the inclination of its plane a, and of A F v ' 
one of its sides ft. Having assumed a ground line x y, 
draw the traces (OM ON) of a plane at right angles 
to the vertical plane, and inclined at a (Theor. 26, p. 26). 
In this plane (M O N) assume a' a as the projections of 
the point A of the hexagon. 

If any plane is at right angles to the vertical plane of projection, Note. 
the elevations of all points in it must lie in its vertical trace. 

From a' a draw a line in the plane M N and inclined 
at an angle /8 (Prob. VIII.). The plan of this line will 
be air equal to ts, and its elevation will coincide with 
M the vertical trace of the plane. Now suppose the 
plane MON (carrying with it the point A) to rotate 
about its horizontal trace till it coincides with the plane 
of the paper. Drop the perpendicular a r from a to the 
horizontal trace of the plane, then the point A must, when 
the rotation is completed, be in this perpendicular 
produced. 

But since the real distance of A from the horizontal 

trace N is a' O, we obtain the point A turned down by 

setting off this distance from r along r a produced. Now 

7T the horizontal trace of the line a 7r, being in the line 

N 0, is unaffected by the rotation, hence A ir is the line 

d 2 
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a it turned down into the plane of the paper. The 
hexagon A....F can now be described, AF on Att 
turned down, being made equal to one of its sides. It re- 
mains merely to turn the points A .... F back into the 
plane M O N. This operation, the converse of that 
described in turning the point A down, is shewn by arcs 
and lines. 

A second elevation d' ... ./" of the hexagon A .... F on 
a second vertical plane y « is also shewn, and is obtained 
by the application of Theor. 4, p. 17. 

Not* a. The above construction is applicable to any plane rectilinear figure, 

whether the line whose inclination is given is a side, a diagonal, or any 
line whatever in the plane of the figure. The line which is to have the 
given inclination is first obtained and turned down into the plane of 
the paper. The figure can then be constructed of its real form on that 
line and rotated back into the given inclined plane. 

Note 5. This problem is of course subject to the limitation stated in the note 

to Prob. VIII. 

Note o. If A is the area of any plane figure, a the area of its projection on 

any plane, and 6 the inclination of its plane to the plane on which it 
Is projected, then a = A cos. 6. This is merely an extension of Tbeor. 
13, p. 18. 

Not* <f. The process by which the plane MON (Fig. 24) is turned down 

about its horizontal trace N should be clearly understood, as it is one 
which frequently occurs both in determining the real forms of plane 
figures from their plans and elevations, and also in the converse problem 
of determining their plans from their real forms. The process is 

" Conn true- sometimes spoken of as " constructing " a plane, and the lines or points 

tion " of a lying in It. It should be noticed that whenever a plane is constructed 

point, line, Qf ^ urne( i down about its horizontal trace, any " constructed " or 
** ' turned-down point in it will always lie in the line drawn from the 
plan of that point perpendicular to the horizontal trace of the constructed 
plane ; as for example the point A in the perpendicular a r (Fig. 24). 
Further, the plan of any line and the same line constructed, or turned 
down, will always meet, if produced, in the horizontal trace of the con- 
structed plane; as the lines a &, A B ; a c, A C ; df, D F (Fig. 24). 

Not* * The symmetry of the plan and elevation of this hexagon should be 

noticed* This symmetry illustrates the Theorem, equal parallel lines 
have equal parallel projections (Theor. 15, p. 19). 

£wbi*m Determine the plan of any polygon, having given the 
v * inclination of any two of its lines. 

Huppose the polygon to be a pentagon A . . . E, one side 
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of which ( A B) is to be inclined a and one «fr*ftgAHfl (B £) 

A...E (Fig. 25, PL V.) is the pentagon supposed Fig. 25, Pi 
turned down into the plane of the paper. Assume the v# 
height of the point B above the plane of the paper, and 
with B as centre and the assumed height of B as radius, 
describe a circle. Touching this circle And making 
angles of a and fi respectively, with B A and B E pro* 
duced, draw the lines pt, qs; p and q being their points 
of contact with the circle. Then t&p, $Bq 9 are right- 
angled triangles, and Bp being equal to the height of B 
and a the inclination, t will be the horizontal trace of the 
line B A produced, and p t the length of plan of the line 
B t, and similarly s and q 8 with respect to the line B E 
produced. The horizontal trace of the plane containing 
B A, B E must pass through t and s (Theor. 24, p. 26). 
N o is this horizontal trace, and a ground line (a y) is 
assumed anywhere at right angles to it. Now, since tp, 
sq are the lengths of the plans of B t, Bs, and t and $ 
their traces ; arcs of radii tp, 8 q, with centres t and 8 must 
intersect in b the plan of B, and if from I a perpendicular 
is drawn to xy, and the produced portion irb' made equal 
to B p (the assumed height of B), then V is the elevation 
of B (Theors. 2 and 4, pp. 16, 17), and V o is the vertical 
trace of the plane of the pentagon (note to Prob. XIV.). 
The points A . . . E are now turned up into the plane b' o N 
and their plans a. . .e deduced, as in Prob. XIV. 

A second elevation of the pentagon on an assumed 
ground line (y z) is added. 

If 6 be the angle contained by the two lines whose inclinations are Note, 
given (A B E, in Fig. 25), then the problem is impossible, if a + /3 + 
exceed 180°. 

The curve in which a curved surface is cut by a plane Definition. 
of projection is termed the trace of the surface on that aJurfece" 
plane. 

A conical surface is generated by a straight line passing Definition. 
through a fixed point, and subject to any other condition j^J&c!* 
whatever. 
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Definition. A cylindrical surface is generated by a straight line 
L?su£ dn " m °ving parallel to a fixed straight line, and subject to 
face." any other condition. 
Theorem if a plane touches a conical or cylindrical surface, its 

trace on any plane must be tangent to the trace of the 

surface on the same plane. 

Problem Determine the plane or planes inclined at a given 
XVI - angle and making a given angle with a given plane. 

Fig. 27, Pi. M N (Fig. 27, PL VI.) is the given plane assumed at 
right angles to the vertical plane of projection. Then if 
any point v' v (assumed external to this plane) be made 
the vertex of two right cones, one of which has its base 
on the horizontal plane and the other on the given plane 
M N, the generatrix of the former making the given 
angle /8 with the horizontal plane, and of the latter the 
other given angle a with the plane MON; then all 
planes touching these two right conical surfaces will fulfil 
the required conditions (Theor. 29, p. 27), and their hori- 
zontal traces must be tangent to the horizontal traces of 
the surfaces (Theor. 31). The trace of the first conical 
surface is the circle of its base, and the trace of the 
second surface is the section of that surface by the hori- 
zontal plane of projection, and is in this case an ellipse. 
The line v' t drawn from v' at an angle /8 to the ground 
line determines tf the radius of the base of the first cone : 
this base can then be described with centre v. To deter- 
mine the elliptic trace of the second conical surface, the 
lines i/m,v'n are drawn from v\ making angles of a with 
M, and produced to meet the ground line in a', &', then 
a! v' V is the elevation of that surface and v' q produced 
is the elevation of its axis. Now a vertical plane con- 
taining the axes (v'f and v' q) of the two conical surfaces 
would cut the second surface in lines whose elevations are 
v' ma' , i/n V. The same plane would cut the horizontal 
plane in the line z z. The horizontal traces a and b of 
the lines i/ m a', v' n V are the extremities of the major 
axis of the elliptic trace, and if a b is bisected by a 
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perpendicular oo\ then v'o' and do will be the traces 
of a plane containing the minor axis. This plane cuts 
the conical surface in two lines, of which v'o' is the 
common elevation, and whose horizontal traces are the 
extremities of the minor axis of the ellipse. To deter- 
mine the length of the minor axis, produce v' q and 
through d draw a line perpendicular to i q produced, cut- 
ting it in r and v V in 8. Then r $ is the radius of the 
circle which is the section of the cone a' v' V by a plane 
passing through d and perpendicular to the axis v' r. Now 
the plane v' d o cuts this circular section in a chord of which 
d is the elevation, and this chord must be equal to the 
minor axis. With centre r and radius r s describe an arc 
of a circle, and from d draw a line at right angles to r 8, 
cutting this arc in p. Then the arc represents a portion 
of the circular section of the cone a' v' V rotated into a 
vertical plane about r s. Hence dp is half the length of 
the required chord. Make o d x , o d 2 equal to d p, and 
complete the ellipse a d x b d 2 with a b, d x d 2 as axes. 
All lines which can be drawn touching this ellipse and 
the circle hh will be the horizontal traces of planes 
fulfilling the required conditions (Theor. 31, p. 38). The 
vertical traces of these planes may be determined from 
the condition that the planes must all contain the point 
V, Two planes only are shewn in the figure, though four 
are possible. 

If the circle and ellipse touch each other externally, there are three Note a, 
planes ; if internally, there is one plane. If the circle and ellipse cut 
each other there are two planes. If one falls wholly within the other 
the problem is impossible. 

The trace of the second conical surface may, by varying the data, be Note b. 
a parabola or a hyperbola, but the principles explained are equally 
applicable, since either curve can be drawn if its axis (z z), its vertex 
(a), and a chord (d x d t ) are known. 

The Projection of Circles. 

The projection of a circle is either an equal circle, a Theorem 
line equal to the diameter, or an ellipse, according as its 32, 
plane is parallel, perpendicular, or oblique to the plane 
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of projection. In the latter case the major axis of the 
ellipse is always equal to the diameter of the circle, and 
the minor axis to that diameter multiplied by the cosine 
of the angle of inclination. 

Thus the projection of a circle on any plane can be 
determined if the inclination of its plane to the plane of 
projection is known; and conversely, if the major and 
minor axes of the ellipse which is the projection of a circle 
on any plane, are known, the inclination of the plane of 
that circle to the plane on which it is projected can be 
obtained. 

Note. It should be noticed that the major axis of the elliptic projection 

of any circle is the projection of that diameter of the circle which is 
parallel to the plane of projection. Further, the projections of any two 
diameters of a circle which are mutually at right angles will be a pair 
of conjugate diameters of the elliptic projection of that circle. It will 
frequently be best to determine the elliptic projection of a circle from a 
Fig. 26, PI. pair of conjugate diameters thus obtained. In Fig. 26, PL V., the line 
V. a' V is the elevation of a circle whose plane is inclined a to the hori- 

zontal plane. Hence c c equal to a' b' and set off on the line projected 
from d the elevation of the centre of the circle, is the major axis of the 
elliptic plan of the latter, and a b bisecting c c at right angles is its 
minor axis. To draw a new elevation on a plane z z it is merely 
necessary to obtain c" c", a" b" 9 the elevations of c c, a b, and to draw 
the ellipse of which these lines are conjugate diameters. 

Thus the elevation on z z is drawn without determining the inclina- 
tion of the plane of the circle to the plane z z. A third elevation of 
the same circle on 1 1, similarly obtained, is shown. 

EXAMPLES. 

1. The two traces of a plane each make 40° with x y\ from any 
external point draw a line inclined at 25° and parallel to the plane. 
Determine also a second plane containing the line and at right angles 
to the first plane. (Prob. IX. From any point on the line drop a 
perpendicular to the plane, Theor. 28, p, 26, then determine a plane 
containing the line and the perpendicular.) 

2. Assume the projections of three points, and determine the plane 
containing them. (Prob. X.) 

3. From a point, 2" from the vertical and 3" above the horizontal 
plane of projection, draw a line making 60° with a plane whose traces 
make 45° with x y. Shew the intersection of the line and plane. 
(Converse of Prob. VII. An infinite number of lines fulfil the 
conditions.) 
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4. Three lines mutually at right angles meet in a point 2*5" from 
both planes of projection. Two of them are inclined at 36° and 40° 
respectively. Determine the plans of all three lines and also their 
elevations on a plane making 20° with one of them. (Determine the 
two lines whose inclinations are given by Prob. XV., draw the third 
line perpendicular to the plane containing the two first, Theor. 28.) 

5. Determine planes inclined at 78° and making 65° with a plane 
inclined at 40°. (Prob. XVI.) 

6. Two planes at right angles to each other intersect in a line 
inclined at 35°. One of these planes is inclined at 55°. Determine the 
traces of both. (Converse of Prob. V.) 

7. Assume the projections of a line not parallel to either plane of 
projection. From any external point drop a perpendicular on this line. 
(Determine a plane containing the point and perpendicular to the line, 
Theor. 28, p. 26. Find the intersection of the plane and line, Prob. 
VI. ; join this intersection and the assumed external point.) 

8. Three planes are mutually at right angles. Two of them are 
inclined at 30° and 75° respectively. All meet in a point 2*5" from 
both planes of projection. Determine tbe traces of all three. (First, 
determine one of the planes whose inclinations are given. Then 
through the given point draw a line perpendicular to this plane, Theor. 
28, p. 26. Determine a plane containing this perpendicular and 
inclined at the other given angle. Lastly, determine the intersection 
of these two planes, and draw a third plane through the given point 
and at right angles to this intersection.) 

9. Determine the traces of a plane inclined 70° and 55° to the 
horizontal and vertical planes of projection respectively. Determine 
also the real angle contained by these traces. (Prob. IV.) 

10. Assume a plane inclined at 60°, place in it a line inclined at 
30°, and determine a plane containing this line and perpendicular to the 
first plane. (Prob. VIII. Then from any point on the line draw a 
perpendicular to the plane, and determine a second plane containing the 
line and this perpendicular, Prob. X.) 

11. The horizontal and vertical traces of a plane make 40° and 60° 
with x y respectively. Determine the inclination of this plane to the 
planes of projection, and determine a second plane parallel to and 2" 
from it. (Prob. III. Then at any point in the plane raise a perpen- 
dicular 2" long, and determine a second plane passing through the 
extremity of this perpendicular and parallel to the first plane, Theor. 
25, p. 26.) 

12. Assume the projections of a line not parallel to either plane of 
projection. Determine the traces of a plane perpendicular to this line 
and cutting it in a point 2" above the horizontal plane. 

13. Four points whose heights are 2", • 5", 3 • 5", and 1 ' 2", have their 
plans at the angles of an irregular four-sided figure abed; ab=bc= 
2*6"; cd=da = S" ; od=4". Determine the sphere containing the 
four points. (Find the elevations of the points and join them. 
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Determine three planes at right angles to and bisecting any three of the 
lines thus obtained. The intersection of these three planes is the 
centre of the sphere, and the distance from this intersection to any one 
of the given points is its radius.) 

14. A plane has its horizontal and vertical traces inclined at 50° and 
60° to x y respectively. Determine a point in it, 2" from the vertical 
and 2 '5" from the horizontal plane of projection. From this point 
draw two lines in the plane inclined at 25°. Determine a second plane 
bisecting the angle contained by the lines and perpendicular to the first 
plane. (Prob. VIII. Draw the line bisecting the angle contained by 
the two lines, and determine the plane containing this line and 
perpendicular to the given plane.) 

15. Assume a plane whose traces make 45° with x y, and from any 
two external points draw lines meeting in a point on this plane and 
equally inclined to it. (From one of the assumed points drop a per- 
pendicular on the given plane, find its intersection with the plane, 
Prob. VI. Then produce the perpendicular, making the produced part 
equal to the perpendicular. Join the extremity of the line so obtained 
with the other external point, and find the intersection of the joining 
line with the given plane.) 

16. Draw a line inclined 30° and 40° to the vertical and horizontal 
planes respectively. Draw a second line parallel to both planes of pro- 
jection and 3" from each. Determine the shortest distance between 
the two lines. (This shortest distance is the line perpendicular to both 
lines.) 

17. From two given points draw two lines which meet on a given 
plane and make equal angles with that plane. (From either point 
drop a perpendicular on the plane and find its intersection with the 
plane (Prob. VI.). Produce the perpendicular, making the produced 
portion equal to the perpendicular. Join the extremity of the pro- 
duced portion to the second point, and determine the intersection of the 
line so obtained with the given plane.) 

18. An equilateral triangle of 3" side has its angles at 0*5", 1*5", 
and 2 '5" respectively, above the horizontal plane. Draw its plan and 
also an elevation on a plane inclined 35° to the plan of one of its 
sides. 

19. Draw the plan of a pentagon of l'B" side, its plane being 
inclined at 45° and one side at 20°. Draw also elevations on planes 
parallel to any two sides. (Prob. XIV.) 

20. Draw the plan and elevations of the same pentagon when one 
diagonal is inclined at 20°. (Prob. XIV.) 

21. A circle 3" diameter has its plane inclined 60°. Draw its plan 
and also an elevation on a plane inclined 50° to its horizontal diameter. 
(Note on Projection of Circles.) 

22. Two diameters of a circle are inclined at 40° and 25°; these 
diameters make 65° with each other. The radius of the circle is 1 • 25". 
Draw its plan and also an elevation on a plane parallel to one of these 
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diameters. (Determine the plane containing the diameters, Prob. XV, 
Through the intersection of the diameters draw a horizontal line in this 
plane 2*5" long ; this is the major axis of the plan of the circle. The 
inclination of the plane containing the circle determines the minor 
axis.) 

23. A heptagon (side 1") has two adjacent sides inclined at 15° and 
25°. Draw its plan and also an elevation on a plane inclined at 40° to 
the plan of any diagonal. (Prob. XV.) 

24. Draw the plan of the same heptagon when one side and an 
adjacent diagonal are inclined at 30° and 40° respectively. 
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CHAPTER IV. 

THE USB OF INDICES. 

Points, lines and planes in space may be correctly 
represented on paper by a method differing somewhat 
from that explained in the previous chapters. This 
method, which is sometimes termed "horizontal projec- 
tion," possesses considerable advantages in simplifying 
constructions, and has moreover several directly practical 
applications. A horizontal plane of projection only is 
required, the regular vertical plane being dispensed with, 
although elevations on vertical planes will still be occasion- 
ally necessary. As in the preceding chapters, points, 
lines and planes are treated in turn. 
Points. If to the plan of any point a number is affixed, 

denoting in terms of any known unit the height of that 
point above the horizontal plane of projection, then the 
point is fully determined and its position in space is 
known. The number affixed is termed the index of the 
index of a point; and in order to distinguish between points above 
pomt ' and below the horizontal plane, the sign — is prefixed to 
the indices of the latter. It will be seen, therefore, that 
the index performs the function of the vertical plane of 
projection in giving the heights of points. 
Fig. 28, Pi. In Fig. 28, PI. VIL, a series of points (the same as in 
Fig. 1, PI. I.) are shewn by their plans and elevations, 
and also by their figured plans only, the unit assumed for 
their indices being • 1 inch. 
Lines. A line is fully determined if its plan and the indices of 

Fig. 29, pi. any two of its points are known. Thus in Fig. 29, PL 
VIL, a line A B is shewn by its projections a b, a' V, and 
also by its figured plan a 7, b — 5. 



VII. 
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The horizontal trace of a line will be that point whose index is 0. Not* a. 
All points on a horizontal line have the same index. Note 6. 

If m is the distance between the figured plans of any two points Note & 

on a line, and n the difference of their indices; then— = tangent of 

in 

inclination of line. Thus, to determine the inclination of a line, it Is 
merely necessary to construct a right-angled triangle having a base 
equal to the plan of any segment of the line and height equal to the 
difference of the indices of the ends of that segment. The angle sub- 
tended by the height is the inclination of the line. (See Prob. II., 
Chap. II.) 

If the plans and indices of any two horizontal lines Plane*, 
lying in a plane are known, the plane is fully determined 
in position and inclination. Thus, in Fig. 31, PL VII., Pig. si, Pi. 
a b and c d, two horizontals whose indices are 10 and 20, 
determine a plane the tangent of whose inclination is the 
difference of level of the two horizontals a b, I c (10 units), 
divided by their distance apart on plan (Id). Since 
horizontals with equidifferent indices must have equi- 
distant plans, a line parallel to a I, and at a distance from 
it equal to b d, will be the horizontal whose index is 0, 
and similarly the horizontals whose indices are — 10, 30, 
40, &c, can be determined. 

The horizontal whose index is is the 'horizontal trace of the plane. Note d. 

Instead of drawing the horizontals of a plane, it is more " Scale of 
convenient to use what is termed a scale of slope, con- ■kP 8 -" 
structed on a line anywhere at right angles to the 
horizontals. The points at which horizontals at equi- 
different levels cut this line, give the divisions of the scale, 
each of which divisions is figured with the index of the 
horizontal passing through it. To distinguish the scale 
of slope from the mere figured plan of a line a second 
line is added; and in order that the direction of the 
slope of a plane may be immediately apparent from its 
scale of slope, one of the lines of the latter is strength- 
ened, the stronger line being always on the left side in 
the ascending direction of the plane. In Fig. 31 the 
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scale of slope of the plane, of which the lines a b y c d are 
horizontals, is shewn. 

Note e. The inclination of a plane can be at once determined from its scale 

of slope since it is merely necessary to construct a right-angled triangle 
whose base is equal to the distance apart of any two horizontals, and 
whose height is equal to the difference of their indices. Thus, in 
Fig. 31, making ss' at right angles to the scale of slope equal to 
30 - 10 units, and joining *' t, we obtain 6 the inclination of the plane. 
In other words, the scale of slope is considered as a line and its inclina- 
tion obtained. 

Note /. Lines perpendicular to a plane have plans parallel to its scale of 

slope. This follows from Theorem 28, p. 26. 

In the following problems the unit assumed for the 
indices is • 1 inch ; thus a point whose index is 28 will 
be 2*8 inches above the horizontal plane of projection. 

Problem Given the plan of a line and the indices of any two 
I. points, to determine the index of any third point on 

the line. 

Fig. 30, Pi. « b, Fig. 30, PL VII., is the given plan (the indices of a 
VI1 - and b being 5 and 19 respectively), x the point whose 

index is to be determined. Using a b as a ground line of 
level 5, draw b V at right angles to a b, and in length equal 
to 14 units — the difference of the indices of a and b. 
Then V is the elevation of b, and V a is the elevation of 
the line a b ; while the length of the perpendicular x x', 
read off from the scale of units, is the difference of the in- 
dices of a and x. The real index of x is therefore x x' + 5. 

Since by similar triangles — = -r, the difference of 

ax ao 

the indices of x and a is a fourth proportional to the 
horizontal distance between a and b, the difference of the 
indices of a and b, and the distance a x ; and generally 
the difference of the indices of any two points on a line is 
proportional to the distance apart of their plans. 

Thus the index of any point on a line may be deter- 
mined without construction by means of the sector. The 
converse of the above process, determining the plans (y, z) 
corresponding to any assigned indices (0, 11*5), needs no 
explanation. 
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The above method applied to one of the scale of slope lines of a Note a. 
plane serves to determine the index of any assumed horizontal, or the 
horizontal with any assumed index. 

The angle V ab (am Fig. 30) is the inclination of the line a 5. Note ft. 

The following problems should be carefully compared 
with the corresponding problems of Chaps. II. and III. 

It will be seen that, although the vertical co-ordinate 
plane is dispensed with, it is frequently necessary to 
resort to elevations made on the plans of lines or scales 
of slope of planes, used as ground lines. In these cases it 
is sometimes advisable to assume the ground line to have 
some particular level. This merely amounts to raising or 
lowering the horizontal plane and does not in any way 
affect results, provided that it is always remembered 
that in determining the indices of points from elevations 
made on such a ground line, these indices will be the 
heights of the elevations above the groundline + the index of 
that ground line. Thus, in Fig. 30, the index of the point 
x is not x #', but x x' + 5. 

Draw a line through a given point parallel to a Problem 
given line. II. 

In Fig. 29, PL VIL, a b is the given line, p 35 the Fig. 29, Pi. 
given point. The plan of the required line must of course V1I> 
be parallel to a I ; and as the inclinations of parallel lines 
are the same, the horizontal distance (that is the distance on 
plan) corresponding to any difference of level is the same 
on both lines. Thus making p q equal to a 6, we obtain a 
point q, whose index will be 35 — 12 = 23. 

Determine the angle contained between two given Problem 
lines. ill. 

ab 9 cd (Fig. 32, PL VIII.) are the two lines intersecting Fig. 32, pi, 
in i 17. Determine two points (a x) having any the same vni * 
index (5), one on each line (Prob. I.), and turn down the 
triangle alx into the horizontal plane containing a and x. 
Draw i s perpendicular to a x and produce it ; make i i' 
at right angles to is equal to 12 units (the difference of 
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the indices of t and s), thus obtaining $ 8 the real length 
of 18. Make 8 I equal to i' 8 and join Ia,Ix. 

The angle a I x (0) is then the angle contained by the 
lines a b 9 c d. (Compare Prob. V., Chap. II.) 

Problem Determine the plane containing three given points. 

Fig. 33, PL By joining the points three lines are obtained, and if on 
viii. an y t wo of these lines points with the same index are 

determined, the line joining them is a horizontal of the 
required plane. A parallel line from any one of the given 
points is a second horizontal, and the scale of slope can 
therefore be drawn. (Compare Prob. X., Chap. III.) 

Problem Determine the intersection of a line and plane. 

v. * 

Fig, 34, pi. In Fig. 34, PL VIII., a b is the given line, S the scale 
V111, of slope of the given plane. The fine line of the scale of 

slope is taken as a ground line of level 5, and on this line 
elevations of the given line and plane are made. Their 
intersection i' is the elevation, and therefore i the plan of 
the intersection of the line and plane. (Compare Prob. 
VI., Chap. III.) 

Hote a. The index of a being — 2, its elevation must be taken] below the 

ground line, that is to say, on the opposite side of the ground line 
to the elevation of b. 

Note 6. The index of * is the length *' ir + 5 = 11 units. 

Problem Determine the intersection of two planes and the 
VI. angle they contain. 

Fig. 35. pi. M and N (Fig. 35, PI. VIII.) are the scales of slope 
Ym ' of the given planes. The intersection of. any two hori- 

zontals of the same index determines a point in the inter- 
section of the planes. Thus a and b (the intersections of 
horizontals at levels 5 and 20 respectively) determine the 
line a b, which is the required intersection of planes M 
and N. The remaining construction corresponds exactly 
to that of Prob. V., Chap. II. Make an elevation (a V) 
of a b on a b used as a ground line of level 5. Draw any 
line 8 r at right angles to a b and cutting a b in p and 
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the horizontals 5 of the two given planes in s and r re- 
spectively. Then s r is a horizontal (at level 5) of some 
plane at right angles to a b, and therefore at right angles 
to both the planes M and N ; while f, determined by a per- 
pendicular from p on a l'> is the elevation of the intersec- 
tion of this perpendicular plane with a b. Then p I, equal 
to p i, and set off from p along a b, determines the turned- 
down triangle air, and the angle sir (0) is the required 
angle contained by the two planes. (Compare Prob. V. 
Chap. III.) 

The method of determining the intersection of planes from their Note, 
horizontals has several useful applications. Thus the plans of the 
ridges, hips and valleys of a complicated system of roofs may be readily 
obtained by drawing a couple of horizontals on each slope. 

Determine the angle made by a given line with a Problem 
given plane. vn. 

In Fig. 36, PL VIIL, a b is the given line and M the Fig. 36, Pi. 
scale of slope of the given plane. Then the angle n1, 
required is that made by the line a b, with a second line 
joining the point in which a b cuts the plane M and the 
foot of the perpendicular dropped from auy point of a b on 
the plane M (Euc. XI., def. 5). 

Elevations of a b and the plane M are made on one of 
the scale of slope lines used as a ground line. The inter- 
section of these elevations determines i the elevation of 
the intersection of the line and plane, and i its plan is 
found by projection from i'. From a, a perpendicular is 
dropped on the plane; of this perpendicular a! p' is the 
elevation, and a p } parallel to the scale of slope, the plan. 
The right-angled triangle API may then be solved by 
determining the real length of any two of its sides, and 
the angle AIP (o) is the angle required. (Compare 
Prob. VIL, Chap. III.) 

In commencing any of the varied prohlems relating to lines and Note. 
planes, and indeed any problem of solid geometry whatever, the student 
is again most strongly advised to start with a clear conception of the 
method he intends to pursue. By extemporizing inclined planes of 

B 



i 



50 PRACTICAL GEOMETRY. 

paper and using pencils, pieces of wire, or thread, to represent lines as 
before suggested, it will generally be easy to arrive at a clear notion 
of the best coarse to adopt in any particular case. 

EXAMPLES. 
(Unit 0-1".) 

1. A line is inclined at 55°, draw its plan and figure on it points 
whose indices are - 7, 0, 13, 25. Draw the scale of slope of a plane 
cutting the line in the point 13 and perpendicular to it. (Make an 
elevation of the line on its plan as ground line. Through the elevation 
of point 13 draw a line perpendicular to the elevation of the line. This 
perpendicular will be the vertical trace of the required plane on the 
vertical plane containing the line. From this trace any number of 
horizontals of the plane can be determined.) 

2. The plans of two intersecting lines make an angle of 80° ; the 
lines are inclined at 30° and 50° respectively ; the index of their inter- 
section is 25. Determine the angle they contain (Prob. III.). 

3. A line is inclined at 40°. Determine a second line inclined at 
30°, and making 70° with the first line. (Converse of Prob. III.) 

4. The plans of three points are situated at the angles of a triangle 
whose sides are 2", 3", and 3i" ; the indices of the points are 4, 25, —8. 
Determine the plane containing the given points (Prob. IV.). 

5. Assume a plane inclined at 60°. Draw a line in it inclined 28°, 
from a point whose index is 15. (Compare Prob. VIII., Chap. III.) 

6. Determine two planes perpendicular to each other and inclined at 
30° and 80°. Shew their intersection, and determine a third plane 
perpendicular to both, and cutting this intersection in a point whose 
index is 13. 

7. Assume a plane inclined at 50°. Draw a horizontal line of level 
10 ; the plan of this line makes 30° with the horizontals of the plane. 
Find the intersection of this horizontal line with the plane and the 
angle it makes with the plane (Prob. VII.). 

8. The horizontals of two planes make angles of 70° with each 
other on plan. The planes are inclined at 40° and 55°. Find the 
intersection of the planes, the inclination of this intersection, and the 
angle the planes contain (Prob. VI.). 

9. Three points have plans 2*5", 3*5", and 4" apart. From any 
one of them draw a line perpendicular to the line joining the other two. 
(Determine a plane containing the point selected and perpendicular to 
the line joining the other two. Find the intersection of the plane and 
line, and join this intersection and the selected point.) 

10. Assume two lines which are not parallel and do not meet. De- 
termine two parallel planes each of which contains one of the assumed 
lines. (From any point on one of the lines (A B) draw a line parallel 
to the other line (C D). Determine a plane containing A B and the 
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parallel, and a second plane containing C D and parallel to the first 
plane.) 

11. The plans of four points are situated at the angles of a rhombus 
of 3i" side and 3i" diagonal ; the indices of the points are 30, 23, 10, 
17. Determine a sphere to contain ail four points. (Determine three 
planes at right angles to and bisecting the lines joining three pairs of 
points. The intersection of these three planes is the centre of the 
sphere.) 
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CHAPTER V. 



THE PROJECTION OF SOLIDS. 



Regular 
solids. 



Surfaces 
of revolu- 
tion. 



The use of the term " solid " in geometry is somewhat 
peculiar. Since geometry has nothing to do with solidity 
in the ordinary sense, the term must be considered to 
mean merely "surface enclosing space." In descriptive 
geometry, however, solids are usually assumed to possess 
opacity, and those edges which would be invisible are 
drawn with dotted lines. This will be found to aid the 
eye in recognising their forms. 

There are only five "regular solids," that is to say, 
solids contained by equal regular polygons and capable of 
being inscribed in a sphere. 

1. The "tetrahedron," contained by four equal equi- 
lateral triangles. 

2. The " cube," contained by six equal squares. 

3. The a octohedron," contained by eight equal equi- 
lateral triangles. 

4. The " dodecahedron," contained by twelve equal pen- 
tagons. 

5. The "icosahedron," contained by twenty equal equi- 
lateral triangles. 

The following are also contained by plane figures, viz. : 

1. "Pyramid," right and oblique. 

2. " Prism," right and oblique. 

" Solids " or " surfaces of revolution " are generated by 
the revolution of lines, curves, or plane figures about a 
fixed line termed the axis. They have this peculiarity, 
that all sections by planes perpendicular to the axis are 
circles. 

The following are capable of being thus generated, 
viz. : — 
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"Sphere," "right cone," "right cylinder," "annulus," 
" spheroid." 

All surfaces generated by the motion of straight lines Ruled 
are termed " ruled surfaces." Of these surfaces some are 8urfaces » 
capable of development and some are not. 

Among the first class are " conical surfaces," generated Conical 
by a line passing through a fixed point, and €t cylindrical cylindrical 
surfaces," by a line parallel to a fixed line (or director), surfaces, 
the generating line in each case being subject to any 
other condition whatever. The generating line being 
considered infinite, conical surfaces will always consist of 
two distinct portions or " sheets " having a common vertex 
in the fixed point. 

Among ruled surfaces incapable of development are — 

1. "Helicoidal surfaces," generated by lines passing Heiicoidai 
through and making a constant angle with a fixed line, 8urfaces ' 
while moving uniformly around and along it 

2. "Conoidal surfaces," generated by lines moving Conoidal 
parallel to a fixed plane passing through a fixed axis, and 8urfaces « 
subject to any other condition. Thus the "hyperbolic 
paraboloid " is generated by a line moving parallel to a 

fixed plane and meeting two fixed straight lines which are 
not parallel and do not meet. 

Several of the surfaces above mentioned are capable of generation in Note, 
more than one way. Thus a sphere is generated by the revolution of 
a semicircle about a fixed diameter and also by the motion, parallel to 
itself, of a circle of varying radius. 

* 

It is now proposed to shew how the projections of the 
simple solids in various positions may' be obtained. The 
data fixing the position of such solids will usually be 
referable to one of the five following cases, which will be 
considered in turn. In dealing with these solids, wooden 
models, or better still wire skeletons, will be found a great 
assistance. 

One face in or parallel to the horizontal plane. Case I. 

One edge in or parallel to the horizontal plane, the incli- Case n. 
nation of one of the faces containing this edge being given. 
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If any other condition were added— as ** el ^ I T 
the axis of the prism 8hoaM n-k* - J** • 

*„_draw first the plan of ^"Jf??™*? 
... tw~ ««anvwhere at right angles to • 4. and 
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*-4 

plete the eleyation and plan as be&re : ti*« ly ii* 
ordinary roles of projection obtain a v* «nft» « 
asv In this case the deration (aixaiyk res*.--*, 
as auxiliary, being reqnired in drawing u* f uA **. 
^t«rminin<r the heights of all the point* 



The two following solid* will he tat ciaKoi fro- to *•'-**. 

2nd. The method of obtaining the jn>«i-c* * a ixectusc- a wsa 
one face on the horizontal plane is as f-livw* :— ■ . . 

Draw two equal pentagons haxuig si* *A& rf tt* *.-.i » h.v- a- J-t— . *• 
scribed in the same circle with angle, aien^? az* k* » '-*««» w%*~« 
apart; these pentagons will be the jAh c* t» ^c« »v. *»«• v^ -■ ^ 
zontal faces of the solid. The sid« 'A iLae psa* .o* w„ •* -a» •/ \ '. •" . 
the ten other equal pentagons which «c?.«* w* *-•-<-, *,'- «^ ««• 
of these ten pentagons has one hcncocta: fc-^e, -^r w._ i*»* *... a 
horizontal diagonal, the plan of which wi_ be wp^ v, ;-.* «*• >r. •- *, 
Hence surrounding «** of the two pectag.a* fc« «**-i vjr a 
similarly situated pentagon whose side it eq-.au V, a iajsv.*. •/ v.* 
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PRACTICAL GEOMETRY. 



Case III. 

Case IV. 
Case V. 

Note a. 



Note 6. 



Problem 
I. 
Case L 

Right 
Prism. 

Fig. 37. 



Given the inclination of one face and of a line in its 
plane. 

Given the inclination of two edges, or diagonals. 
Given the inclinations of two faces. 

It is impossible to lay down any absolute rules to be followed in each 
of the above cases, as different solids will require slightly different 
treatment. It may be remarked, however, that whenever (as in 
Cases I. and II.) an edge or face is parallel to or lies in the horizontal 
plane, this edge or face having its real size in plan can be drawn at 
once. To complete the plan of the solid an elevation will generally be 
necessary, and for this purpose a vertical plane should be selected 
either parallel or perpendicular to the base or to one face, since an 
elevation on such a vertical plane can generally be drawn without 
difficulty. The above remarks will be made clear in the following 
examples. 

In drawing the projections of a solid, the spectator is always sup- 
posed to be placed so as to look through the solid to the plane of projec- 
tion. Thus the solid is supposed to be between the spectator and the 
plane on which its projection is drawn. Certain edges will therefore 
be invisible, and these edges are consequently shewn in dotted lines. 
If what has been said above with regard to the supposed position of the 
spectator is borne in mind, no difficulty will be found in distinguishing 
the invisible edges of any view of a solid in any position. 

Draw the projections of, 1st, a Bight Prism ; 2nd, a 
Dodecahedron; 3rd, an Icosahedron, with one face 
resting on the horizontal plane. 

1st. Suppose the prism to be heptagonal. By the con- 
ditions of the problem all the long edges will be horizontal, 
and their plans therefore equal to their real length, that 
is to the height of the prism. Moreover, the end of the 
prism will be vertical, and its elevation on a plane perpen- 
dicular to the axis will be a heptagon, which can be drawn 
at once. 

Assume any ground line z z Fig. 37, and construct on it 
the heptagon a'. . . g\ This heptagon is the end eleva- 
tion of the prism. From each of the points a', V . . . 
project down at right angles to z z and make a x a 2 , h x l 2 
. . . each equal to the given height of the prism. In 
other words, cut the projectors by two lines h x f l9 h % f 2 
parallel to z z, and at a distance apart equal to the height 
of the prism. The figure is now complete. 
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If any other condition were added — as for example that 
the axis of the prism should make an angle with 
x y— draw first the plan of the axis h d %y making with 
xy. Draw z z anywhere at right angles to h d* and oom- 



Pio. 87. 




44 a* <h & kk 



plete the elevation and plan as before : then by the 
ordinary rules of projection obtain a new elevation on 
xy. In this case the elevation on z z may be regarded 
as auxiliary, being required in drawing the plan and 
determining the heights of all the points of the prism. 

The two following solids will be best understood from wire models. 

2nd. The method of obtaining the projections of a dodecahedron with 
one face on the horizontal plane is as follows :— 

Draw two equal pentagons having the edge of the solid as side, in- Projections 
scribed in the same circle with angles alternating and at equal distances of a dode- 
apart; these pentagons will be the plans of the upper and lower hori- <»hedron. 
zontal faces of the solid. The sides of these pentagons will be sides of Fig. 47, PI. 
the ten other equal pentagons which complete the solid, and since each " 

of these ten pentagons has one horizontal side, they will have also a 
horizontal diagonal, the plan of which will be equal to its real length. 
Hence surrounding each of the two pentagons first drawn by a 
similarly situated pentagon whose side is equal to a diagonal of the 
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small pentagons, we obtain the remaining ten angular points of the 
solid. To complete the plan of the solid it is merely necessary to 
join the angles of the large pentagons to those of their respective 
small pentagons, as shewn in Fig. 47, PI. XII. To determine the 
elevation it is necessary to obtain the relative heights of the planes of 
the four pentagons, and it is evident from the symmetry of the figure 
that the distances of the planes of the upper small pentagon from the 
upper large pentagon, and of the lower small pentagon from the lower 
large pentagon, are equal. From a (Fig. 47, PI. XII.), one of the 
angles of the lower large pentagon drop a perpendicular a J on the side 
of the upper small pentagon. (This perpendicular coincides with a c 
the plan of one of the edges of the solid.) Then since the real lengths 
of ac and ab are known, the vertical distances of b above a and a 
above c can be determined. The construction is shewn, and we thus 
obtain b b' as the whole height of the solid, and a a' as the height of 
the lower large pentagon. Draw two lines parallel to x y and at 
distances above it equal to b'b, a' a, and a third line at a distance 
below the upper of the first two. lines equal to a' a. Then the 
elevations of all the points of the solid are obtained by projecting 
from their plans on to these three lines and x y, taking care of course 
to project from the points of the lower large pentagon on to the first 
line above x y t and so on. (In the figure these three lines and the sides 
of the large pentagons are not shewn.) 
Icosa- 3rd. As in the case of the dodecahedron, the plan of the icosahedron 

hedron. call b e dra\ro at once from the symmetry of the solid without having 

recourse to an auxiliary elevation. 
Fig. 38. Referring to Fig. 38, or to a model, it will be seen that the solid has 

twelve angular points lying in four different planes, three in each. 
Moreover, when it is resting on one face (as in Fig. 38), the angles of the 
upper and lower equilateral triangles alternate, forming a hexagon on 
plan, while the plans of the remaining six angles of the solid lie on a 
larger concentric hexagon whose sides are parallel to those of the first. 
Commence therefore by drawing the two equilateral triangles abc,d ef, 
with sides equal to the given edge of the icosahedron, and place them 
so that a e bfc d is a hexagon. From the centre o of the hexagon draw 
six radiating lines passing through the points a . . . /. These lines 
will give the directions of the plans of six edges of the solid. Now the 
points a b heg (Fig. 38) lie on a pentagon with the edge of the solid as 
side, and the diagonal g h of this pentagon is horizontal, and conse- 
quently its plan will be equal to its real length. Obtain by construc- 
tion the length of the diagonal of a pentagon having a side equal to ab, 
and place this length in between the radial lines ag, bh, making it 
parallel to ab> as was done in the case of the dodecahedron. This 
fixes the positions of the points g and h. With o as centre and o g (or 
oh) as radius, describe a circle cutting the radial lines in k, I, i, m. 
All the points of the icosahedron are now determined, and it is required 
only to join gk t ak f bk,kh f and so on all round the figure, in order to 
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complete the plan. To draw the elevation on any ground line z z, it 
is necessary to obtain the heights of the three groups of points, abc t 
ghi, klm. From k draw a line perpendicular to o k, and cut it by an 
arc from centre e with radius equal to ab. Then ky is equal to the 
height of k 9 and consequently of I and m. Produce a b and cut it, by an 
arc described with y as centre and radius equal to c d the perpendicular 

Fig. 38. 




from c on a b. Then 5 b' is equal to the height of the points a, J, and c. 
By the symmetry of the solid, the height of k, Z, m, above the horizontal 
plane is equal to the distance of hig below a be. Draw three lines 
parallel to z z, the outer one being at a distance from it equal to 8 8', 
the two others at a distance of ky from the first and from zz 
respectively. By projecting all the points of the plan on to these lines 
respectively, the elevation can be completed. 

Draw the plan and elevation of a Pentagonal Problem 
Right Pyramid lying with one triangular face on the J, 1 - 
horizontal plane, the plan of the axis making an angle e 
a with the vertical plane. 

The plan of the axis being taken at an angle a to the J^* 39> PI * 
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ground line, the isosceles triangle a I v on which the solid 
rests can be drawn, since this triangle will evidently be 
symmetrical about the plan of the axis. The side a b is 
perpendicular to and bisected by the plan of the axis, and 
is equal to the given side of base of the pyramid ; av,bv 
are equal to the slant edges, and v is the vertex of the 
pyramid. The length of the slant edges is obtained by 
constructing a pentagon on a b and making V V at right 
angles to V 0, equal to the given height of the pyramid. 
Then V C is the length of the slant edges. Now if the 
pyramid be supposed rotated about the edge a b till it 
stands upright on the horizontal plane, its base would 
coincide with the pentagon a b C D E, and as the points 
E, D, C must evidently move in vertical planes at right 
angles to the axis of rotation (a b), their plans when the 
pyramid is lying on a b v must be somewhere on the lines 
drawn from E, D, C at right angles to ab. (The line thus 
drawn from D will of course coincide with the plan of the 
axis.) Now if a vertical plane parallel to the axis (and 
therefore perpendicular to the base) of the pyramid be 
assumed, an elevation of the solid on such a plane can be 
drawn at once ; z z parallel to the plan of the axis is the 
ground line of this assumed plane, and the points v, a, b, 
being in the horizontal plane, will have v', a\ b\ as their 
elevations (Theor. 6, p. 17), the two latter coinciding. 
The elevation of the pyramid is then completed by 
making a! d! equal to D71-, v' d' equal to a v or b v (the 
slant edge), and a' e' equal to E €, then v' el is the common 
elevation of the two edges ve y vc. The required plans 
e, d, c, must lie in perpendiculars drawn from e', d', d (their 
elevations) to the ground line zz, and are, therefore, 
determined. Joining them with v the plan of the vertex, 
we have the complete plan of the solid. The elevation 
on x y is readily deduced by projecting from a, 6, c, &c, 
and setting off the heights of these points taken from 
their elevations on zz (Theor. 4, p. 17). 

Note a. The principle involved in the use of the pentagon a b C D E should 

be thoroughly understood, as it is always applicable in determining the 
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plan of a polygon of which one edge is parallel to, or lies in the 
horizontal plane. 

Having obtained the plan and one elevation of a solid, any number Note 6. 
of elevations on any assumed vertical planes can be drawn by the 
application of Theor. 4, p. 17. 

A Heptagonal Right Prism rests on an edge of its Problem 
base, the face containing that edge being inclined at an ™* _. 
angle a. Draw the plan of the solid, and also an eleva- 
tion on a vertical plane, inclined (3 to the plan of its 
axis* 

The plan of the axis being taken at an angle /3 to x y, Fig. 40, Pi. 
a b the edge on which the prism rests is drawn at right tt * 
angles to and bisected by it. On a b, or (to avoid con- 
fusing the figure) on A B parallel and equal to a 6, the 

heptagon A G is described. The lines from A G 

at right angles to ab will contain the required plans 

a g, and will coincide with the plans of the seven 

parallel edges of the prism. Assume zz as the ground 
line of a vertical plane parallel to the axis of the prism, 
and therefore perpendicular to the plane of its base and to 
the edge ab. Then a' will be the elevation of a b 9 and a' V 
equal to the given height of the prism, and making a with 
z z, will be the elevation of the face containing a b. 
Similarly, a' e\ at right angles to a' T, and equal to E e, is 
the elevation of the base of the prism : a' g' and a' f equal 
to G 7, F 8 respectively, determine g' and/' the elevations 
of the points g y c and/, d. Lines from g',f, and e' parallel 
and equal to a' l\ meeting T m' parallel and equal to ci e', 
complete the elevation of the solid. 

The plan of the heptagonal base is determined by pro- 
jecting from g',f, e', on to the lines from A G before 

mentioned. Since the plans of the seven parallel edges 
are equal (Theor. 15, p. 19), if one of them e m is deter- 
mined by projection from m', its length set off from the 

points a g along the plans of the edges gives the 

plan of the upper heptagonal end of the prism. It 
remains to draw an elevation of the solid on the ground 
line xy. This elevation is shewn on the figure; the 
construction for obtaining it needs no explanation. 



J 
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Note. In the last two problems, the reasons for selecting the two vertical 

planes z z for the elevations are evident. The elevations on these two 
planes are the simplest possible, and can be obtained merely from the 
known dimensions of the solids. If it is required to determine the 
plan of a prism of which the axis is horizontal (the inclination of one 
of the rectangular faces being given), it would be necessary to assume 
a vertical plane at right angles to the axis. The elevation on such a 
plane would be a polygon equal to that of the base or end of the 
prism, and having one side inclined to the ground line at the given 
angle. The construction would in other respects be identical with 
Problem I. 

Problem Determine the plan of a Tetrahedron, one face 
IV. being inclined at an angle a, and one edge of that face 

Casein, at an angle /?. 

Fig. 41, Pi. The construction for determining the plan ale oi the 

x * triangular face A B C is shewn, but as it is identical with 

that of Prob. XIV., Chap. III., it is not explained. It 

remains, therefore, to determine d the plan of D the fourth 

angle or vertex of the tetrahedron, and for this purpose it 

is necessary to obtain the height or perpendicular distance 

Fig. 42, pi. of the point D from the face ABC. ABC (Fig. 42) is 

x ' the plan of the tetrahedron when standing on the vertical 

plane ; D, the plan of its vertex or fourth angular point, 

evidently coinciding with the centre of the circumscribing 

circle of the triangle ABC. Now the real length of D C 

is that of an edge of the tetrahedron. Hence, constructing 

a right-angled triangle of which D C is the base and d" e 

equal to A C (an edge of the solid) the hypothenuse, we 

have d" D as the height of D above the plane of the 

Fig. 4i $ pi. triangle ABC. Keturning to Fig. 41, is the centre of 

x * the turned- down triangle ABO, and cl and o its elevation 

and plan when turned up into the plane LMN; we have 

to erect at o' o a perpendicular to the plane LMN equal 

to D d" (Fig. 42). The projections of this perpendicular 

are at right angles to the traces of the plane (Theor. 28, 

p. 26) ; and since the perpendicular is parallel to the 

vertical plane of projection, its real length (D d") can 

be set off from d (Theor. 12, p. 18), thus determining 

d', and hence by projection d. 
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It only remains to draw da, db, de on plan, and d' a, 
d' V, d' <S on elevation. 

If the angle is greater than the angle a the problem is impossible. Note. 

Draw the plan of an Octohedron, given the inolina- Problem 
tions, a, /?, of two adjacent edges. Y^ jy 

The construction for determining the plan of any plane 
polygon when the inclinations of two of its lines are given, 
is explained in Prob. XV., Chap. III. 

In Fig. 43, PI. X., a b c is the plan and a' V d the elevation Fig. 43, Pi. 
of the face ABC, of which the edges A B and A C are * 
inclined at the given angles a and £ respectively. The 
construction for determining this face and the plane lorn 
containing it, is shewn, but needs no explanation, as it is 
identical with that of Fig. 25, PL V. The remaining three 
angles D, E, F of the solid lie in a plane parallel to lorn. 
To determine this plane it is necessary to know the height 
of the solid, i. e. the perpendicular distance between its 
parallel faces. Fig. 44 is the plan of the octohedron when Fig. 44, Pi. 
one face A B C is horizontal. This plan is readily drawn, ' 
since all its angular points lie on the circle circumscribing 
the triangle ABC and form the hexagon A....F. 
Join DC, cutting B A in j, and EF in p. The real 
length of D q is equal to Dp. Hence, if a right-angled 
triangle be drawn on D q as base, and having an hypothe- 
nuse q d' equal to Dp, the side D d' will be the vertical 
height of D above q, i. e. the perpendicular distance 
apart of the parallel faces ABC, D E F. Returning to 
Fig. 43, find Q- the centre of the circumscribing circle of Fig. 43, pi. 
the turned-down triangle ABC. Then turning G up into x> 
the plane I o m, we obtain g 1 g' lf its projections. From the 
point gi g\, draw a perpendicular to the plane lorn, 
equal in length to D d' (Fig. 44), the distance apart 
of the parallel faces. The projections of this perpen- 
dicular are at right angles to the traces of the plane 
(Theor. 28, p. 26), and its elevation g\g' 2 is equal to 
its real length D d' (Theor. 12, p. 18). Then the point 
g 2 g'29 the extremity of this perpendicular, is the centre of 
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the circumscribing circle of the face D E F of which the 
plan is required. Join g l9 b, then a line from g 2 parallel 
and equal to g 1 b > but drawn in the opposite direction, 
determines /one of the angles of the required face def. 
This face can now be completed by joining g x a and g x c, 
and proceeding as before, or by drawing lines parallel and 
equal to ab, b c, c a, commencing at /. Join eb, ea,bd, ef 9 
c d, af 9 thus completing the plan. The elevations d', e',f, 
can be obtained by projecting from the plans d y e,f, on to 
a line through g' 2 parallel to o I. (This line is of course 
the vertical trace of the plane containing the face 
DEF.) 

Note a. The symmetry of a solid will often suggest several ways of com- 

pleting its projections, but in all cases the plan of the face deter- 
mined by the given conditions should be obtained first. 

Note 6. The problem is impossible if the angles B A C + a+ exceed 180°. 

Problem Determine the projections of a right regular hexa- 
y 1 - gonal prism, given the inclinations a, /?, of one face 

Case v. an( j faQ t^gg respectively. 

Fig. 45, pi. In Fig. 45, PL XI., hot is the plane of the face of the 
XI# prism inclined a. A point vv' is assumed anywhere 

external to this plane, and is made the vertex of a right 
cone standing on the horizontal plane and having an angle 
at the base equal to {J. The elevation of this cone is the 
isosceles triangle v'm'ri, and the circle mn described 
with centre v is its plan. Then the plane of the base 
must touch this cone (Theor. 29, p. 27). From the 
point v' v, a perpendicular is drawn to the plane h' o t ; v' a', 
vs are the projections of this perpendicular (Theor. 28, 
p. 26) intersecting the plane h' o t in a a'. Then since the 
plane of the base of the prism is at right angles to the 
plane of the face, it must contain the perpendicular 
«/s', vs. Hence the horizontal trace of the plane of 
the base must pass through p the horizontal trace of 
this perpendicular (Theor. 24, p. 26), and must touch 
the circle mn (Theor. 29, p. 27). Thus pt is the 
horizontal trace of the plane of the base, and the intersec- 
tion of this plane with the plane Hot will be one 
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edge of the base of the solid. The plan of this intersection 
must pass through t the intersection of the horizontal traces 
of the two planes (Prob. II., Chap. III.), and most contain 
a the plan of the intersection of the perpendicular t/ a', v $ 
with the plane h! o t Thus the line at is the plan of the 
intersection of the two planes. Turning down the line 
whose plan is a t about o t the horizontal trace of the plane 
containing it, we obtain At Produce tA to B, making 
A B equal to a side of the base of the prism. On A B con- 
struct the rectangle A B G H, the sides AG, BH being 
made equal to the length of the prism ; turn up the rect- 
angle ABGH, and the parallelogram abgh is obtained. 
This parallelogram is the plan of one of the faces of the 
prism and a' g' V h\ obtained by projecting on to the vertical 
trace of the plane containing this face, is its elevation. To 
complete the plan of the prism, turn down a b about tp the 
horizontal trace of the plane of the base, and on the 
turned-down line A' B' construct the hexagon A' .... F. 
This hexagon is the base of the prism turned down about 
the horizontal trace of the plane containing it, and there- 
fore lines from the points A' .... F' at right angles to t p 
determine the plans of the long edges of the pri>m (Note 
d, p. 36). Making a' e' (on the elevation of the perpen- 
dicular as') equal to B' D' the distance apart of the 
parallel sides of the hexagon and projecting, we obtain e, 
which must be one of the angles of the base of the prism, 
and b d equal and parallel to a e determines another point 
d. (The two points e and d must also lie on the perpen- 
diculars previously drawn from E' and D' to the horizontal 
trace tp.) The remaining points (e,f) of the plan of the 
base must by the symmetry of the figure lie on the line 
bisecting a e and b d, and also on the perpendiqulars from 
E' and F' respectively. The plan of the base is therefore 
complete, and it remains only to set off from each of the 
points c, d, e y /, distances equal to a g or b h along the per- 
pendiculars from C, D', E', F'. Joining the points so 
determined, the plan of the upper end of the prism is 
obtained. 
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Note a. 



Note b. 



Projections 
of cones 
and 
cylinders. 



Problem 
VII. 



To complete the elevation, lines from a', g\ b\ h' parallel 
and equal to a' e' determine the elevation of that face of 
the prism which is parallel to ahgh. The remaining four 
points must, by the symmetry of the figure, lie on a line 
parallel to the vertical trace o h' and bisecting a' e', they 
can, therefore, be obtained from their plans by simple pro- 
jection. A second elevation of the prism on a ground line 
zzia shewn, but needs no explanation. 

Other methods of completing the projections of the prism after the 
determination oiabgh the plan of one face, might have been adopted. 
Thus a complete elevation on a ground line at right angles to tp might 
have been readily drawn, as in Prob. III. of this Chapter, and the plan 
thence deduced. 

If the two planes whose inclinations are given make any angle 6 
with each other instead of being mutually at right angles, as in the 
above case, the horizontal trace of the second plane must be determined 
by means of Prob. XVI., Chap. III. This horizontal trace and the 
intersection of the two planes being first determined, the remaining 
construction is precisely similar to that above explained. 

The determination of the projections of right cones and 
cylinders should present no difficulty, since it depends on 
the projection of circles explained in Chap. III., p. 39. 
It should be noticed that in the case of a cone whose axis 
is inclined to the plane of projection, the projection of 
the vertex and also of the base being determined, then the 
latter is an ellipse, and tangents to that ellipse from the 
projection of the vertex complete the outline of the pro- 
jection of the cone. Similarly, in the case of a right 
cylinder, if the projections of the two ends are determined, 
tangents to those projections (ellipses) complete the out- 
line of the solid. Two examples are added, but no figures 
are given. 

The plan of the axis of a right cone makes an angle 
a with x y, the axis itself is inclined /?. Determine the 
projections of the solid, the base to touch the hori- 
zontal plane. 

Draw a line making a with x y ; take this line as the 
plan of the axis. Parallel to this line draw a ground line 
zz, and on zz draw an elevation of the cone. The vertical 
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plane of which zz is the ground line is parallel to the 
axis of the cone, and hence perpendicular to its base ; 
therefore the elevation of the cone on this plane will be an 
isosceles triangle of which the base is equal to the 
diameter of the base of the cone and the perpendicular 
from the vertex on the base is equal to the axis, or height, 
of the cone. Further, one angle of this triangle will be 
in z z and the perpendicular will be inclined at /3 (or the 
base at 90° — #), to z z. Hence this elevation can be drawn. 
By projection, the plan of the vertex and the axes of the 
ellipse are obtained. Draw tangents to this ellipse from 
the plan of the vertex, thus completing the plan of the 
solid. The elevation on ay is readily deduced. (See note 
on Projection of Circles, p. 40,) 

Compare thia. construction with that of Prob. II. of this Chapter. Note. 

The plan of the axis of a right cylinder makes a with Problem 
x y, the base of the cylinder touches the horizontal vm. 
plane, and is inclined /?. Determine the projections 
of the solid. 

As in the last problem, draw the plan of the axis and 
make an elevation on a vertical plane zz parallel to the 
axis. The elevation on this vertical plane will be a rect- 
angle of which one side is equal to the diameter of 
the base of the cylinder, and the other to its height or 
axis. The first-named side of this rectangle will have 
one extremity in z z, and will make ft with z z. This 
elevation can therefore be drawn. Thence the equal 
ellipses which are the plans of the two ends of the 
cylinder are obtained ; tangents to these ellipses complete 
the plan of the cylinder. The elevation on x y is then de- 
duced. (See note on Projection of Circles, p. 40.) 



Helices, or Screw Curves. Helices. 

If a point moves round the surface of a cylinder with a 
uniform circular motion, and has at the same time a uniform 
motion in a direction parallel to the axis of the cylinder, 

F 
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Cylindrical it will trace on the cylinder a curve termed a " cylindrical 
helix - helix." 

If a square or rectangle moves round a cylinder with a 
uniform motion, one of its sides being always on the 
surface of the cylinder and its plane normal to that 
surface, and if it has at the same time a uniform motion 
parallel to the axis of the cylinder, then each of its four 
angular points will trace a cylindrical helix, and the solid 
generated by the square or rectangle will be what is 
Square termed a "square screw thread." Similarly, an equi- 
thread lateral or isosceles triangle moving round a cylinder 
Triangular generates a "triangular" or "V-screw thread/' (In 
th reW d practice, of course, screw threads are formed by cutting 
helical grooves round and out of a cylinder, and not by 
attaching threads outside it.) If there is only one tracing 
square, rectangle, or triangle, the screw is said to be 
" single threaded." The distance parallel to the axis of 
Pitch. the cylinder traversed by a tracing point in one revolution 
is called the " pitch " of the screw or helix. In single- 
threaded square screws, the pitch is equal to twice that 
side of the tracing figure which is parallel to the axis 
of the cylinder, the groove into which the corresponding 
or "female" thread of the nut fits has, therefore, a 
breadth equal to that of the projecting thread. In a 
single-thread V-screw the pitch is equal to the base of the 
Diameter tracing triangle. The diameter of a screw is that of the 
cylinder out of which it is cut 



of a screw. 



Problem Draw the projection of a square-threaded screw 
IX « given its diameter and pitch. 

Suppose the screw to stand with its axis vertical and 
the tracing figure to be a square; the semicircle a 3 e (Fig. 
Fig. 46, pi. 46, PI. XI.), described with centre o on «y, and radius 
xl ' equal to half the given diameter is its half plan. Make 

a b 9 set off from one extremity of the diameter aoe, equal 
to half the given pitch. Then a square constructed on a & 
as side is the tracing figure of the thread. Divide the 
semicircle a 3 e into any number of equal parts, say six ; 
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the points of division are numbered I, 2, 3, 4, 5. These 
points are, therefore, successive positions of the plan of the 
tracing point a as it moves uniformly round the cylinder. 
Lines from a and e at right angles to a e give the elevation 
of the cylinder from which the thread is cut ; on these 
lines set off lengths, from a and e respectively, equal to the 
given pitch, and divide these lengths into twelve equal 
parts (twice the number of parts into which the semicircle 
a 3 e has been divided) by lines 1/ . . . . , 12' parallel to a e. 
Then, in one complete revolution the point a moves up to 
the line 12' ; and since the motion is uniform, in half a 
revolution a will move to 6'. Similarly, in one-twelfth of 
a revolution a will move up to line 1'. Hence when the 
plan of a is at 1, its elevation will be on the line 1' ; and 
when at 2, on line 2 / , and so on. Thus projecting from 
1, 2, 3, &c, on to lines 1', 2 / , 3', &c, the elevations of 
successive points of the helix are obtained. Points on 
the inner helix traced by the point i, are obtained in the 
same way, a smaller semicircle being described with radius 
o h 9 and similarly divided. The helices described by the 
other angular points of the square will be exactly the same 
as those traced by the points a and b respectively. In 
practice it is best to draw the helical curves on thin 
wood or cardboard, cut them carefully out, and then use 
the " templates " so formed to rule in the successive con- 
volutions of the thread. 

In Fig. 46 the thread alone is shewn for the sake of clearness, the Note a. 
cylinder on which it is traced being omitted. The figure represents, 
therefore, a spiral spring of square section. 

The line ab describes a "helicoidal surface." (See Definition, Note 6. 
p. 53.) 

This screw thread is terminated at r s on plan, giving the rectangle Note c. 
J tt in elevation. 

In drawing screw threads, the helical curves are usually denoted by Note d. 
straight lines unless their size or pitch is very great. 

Screw threads may also be traced by a moving circle or sphere. Note e. 
Instances of this are spiral springs of circular section and the " worm " 
of a still. The projection of such threads is obtained by drawing first 
the projection of the helix traced by the centre of the circle or sphere, 
and then describing a number of circles with centres on this helix and 

F 2 
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radius equal to that of the tracing figure. Curves drawn to touch all 
these circles complete the outline of the projection of the thread. 

EXAMPLES. 

1. Draw the projections of cube of 3" edge when one face is inclined 
at 50° and one edge of that face at 30° (Prob. IV., Chap. V.). 

2. Draw the plan of the same cube when two of its edges are 
inclined at 45° and 25°. Draw also an elevation on a plane parallel to 
one of the diagonals (Prob. V., Chap. V.). 

3. Draw the plan of the same cube when two of its adjacent faces 
are inclined at 45° and 75° (Prob. VI., Chap. V.). 

4. Draw the projections of the same cube when its diagonals are 
inclined at 40° and 25° (Prob. V., Chap. V:). 

5. Draw the plan of the same cube when three of its angular points 
are at heights of 1", 1*25", and 2" above the horizontal plane. Make 
an elevation on a plane parallel to one of the diagonals. 

6. A sphere of 1*75" radius rests on the horizontal plane. Draw 
the projections of a cube inscribed in it. One of the angles of this cube 
to be at a height of 2*5" above the horizontal plane, and the plan of 
one of the three edges forming this angle to make 30° with x y. 

7. The plans of three edges of a cube of 4*5" diagonal meet in a 
point and make angles of 120°, 130°, 110°. Draw the plan of the cube. 

8. A pentagonal' right pyramid has height 4" and side of base 1*5". 
Draw its plan when one face is horizontal (Prob. II., Chap. V.). 

9. Draw the plan of the same pyramid when one slant edge is 
vertical. Make an elevation on a plane parallel to one of the sides of 
the base (Prob. II., Chap. V.). 

10. Draw the plan of the same pyramid when the base is inclined 
at 38°, and one side of the base at 20° (Prob. IV., Chap. V.). 

11. Draw the plan of a hexagonal right pyramid, side of base 1*25", 
height 4", when one edge of the base and an adjacent slant edge are 
inclined at 20° and 30° respectively. (Determine plan of triangular 
face by Prob. XV., Chap. III. Find the point in which a perpendicular 
dropped from the centre of the base would meet this face. Obtaining 
the true length of this perpendicular, the centre of the base is deter- 
mined. Complete by symmetry of hexagon.) 

12. The traces of a plane make 45° and 30° with x y. Determine 
the projections of a tetrahedron of 3" edge resting on this plane. One 
of the edges in the plane to be inclined 20°. (Turn down plane about 
its horizontal trace. Make also an elevation on a plane perpendicular 
to this horizontal trace.) 

13. An oblique pyramid stands on a hexagonal base of 1*5" side, 
three of its adjacent triangular faces are inclined at 60°, 50°, 40°. 
Draw its plan and an elevation on a plane making 25° with one of the 
sides of the base. (The intersection of the three planes whose inclina- 
tions are given is the vertex of the pyramid.) 
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14. A pentagonal prism (side of base 1*5", height 4") has its base 
inclined at 80° and one of its rectangular faces at 50°. Draw its plan. 
(Prob. VI., Chap. V.) 

15. Draw the same prism when two of its adjacent rectangular faces 
are inclined at 75° and 30°. (Note 6, Prob. VI., Chap. V.) 

16. An oblique prism stands on a regular hexagonal base (side 
1*25"), its length is 4" and its axis makes 60° and 20° with the 
horizontal and vertical planes respectively. Draw its projections, 
(See Prob. III., Chap. II.) 

17. Two adjacent edges (length 3") of an octohedron are inclined at 
37° and 24°. Draw the projections of the solid. 

18. Two adjacent faces of the same octohedron are inclined at 28° 
and 78°. Draw its plan. (See Note b, Prob. VL, Chap, V.) 

19. The plan of the axis of a right cone (height 4", diameter of base 
2*5") makes 30° with xy. The axis is inclined at 50°. Draw the 
projections of the cone (Prob. VTL, Chap. V.). 

20. Draw the projections of the same cone when the plan of the 
axis makes 45° with xy, and one generating line is vertical. (Make 
an auxiliary elevation on a plane parallel to the axis, and then deduce 
the plan.) 

21. A right cylinder (height 4", diameter of base 2*25") has 
its axis inclined 65° and 25° to the horizontal and vertical planes 
respectively. Determine its projections. (See Prob. III., Chap. II. ; 

\ and Prob. VIII., Chap. V.) 

22. Draw the projection of a square-threaded screw 3" diameter and 
0-75" pitch (Prob. IX., Chap. V.). 

'23. Draw the projection of a V-threaded screw 3 '25" diameter and 
1" pitch. Tracing triangle isosceles with vertical angle 65°. 

24. Draw the projection of a spiral spring 3" diameter and 1'5" 
pitch. Tracing figure a circle 0*75" diameter. (See Note e, Prob. 
IX., Chap. V.) 



i 
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CHAPTER VI. 

SECTIONS OF SOLIDS BY PLANES. 

Definition. The section of a solid by a plane is a plane figure bounded 
ectwn. ky ^ e y neg (g^ajg^ or curved) in which that plane cuts 

the surfaces (plane or curved) by which the solid is con- 
tained. The form of the section will depend upon the 
containing surface, or surfaces, of the solid and also upon 
the position of the latter with respect to the cutting plane. 
Thus the section of a pyramid is always a rectilinear 
figure, while the section of a right cone is (1st) a triangle ; 
(2nd) a circle ; (3rd) an ellipse ; (4th) a parabola ; (5th) 
a hyperbola, according as the cutting plane (1st) passes 
through the vertex ; (2nd) is at right angles to the axis ; 
(3rd) is inclined to the axis at a greater angle than the 
generatrix; (4th) is inclined at the same angle as the 
generatrix; (5th) is inclined at a less angle than the 
generatrix. 
Sectional The sectional elevation or sectional plan of a solid is its 

elevation, section combined with a projection on the section plane of 
those portions of the solid which would be visible from 
that plane. 

To determine a section or sectional elevation of a solid, a 

plan and an elevation of the latter will usually be required. 

The following problems will serve to explain the 

method of obtaining sections of solids by planes in various 

positions. 

Sections by SECTIONS BY VERTICAL PLANES. 

vertical 

planes. Given the projections of a dodecahedron, to de- 

Problem termine its section by a given vertical plane. 

Fig. 47 pi ^ ^S- ^9 PI* 25LIL, the projections of a dodecahedron, 
xii. with one face on the horizontal plane, are shewn. A B is 

the ground line of the section plane. 
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The required section (which must of course be supposed 
turned down into the plane of the paper) might be con* 
structed on A B, or any line parallel to A B as ground 
line ; it may, however, conveniently be transferred to x y. 

The points 1 7 are the plans of the intersections of 

the plane A B with the several edges of the solid, and by 

projection their elevations 1' 7' are obtained. These 

elevations determine the heights of the points at which 
the plane cuts the several edges of the solid (Theor. 4, 
p. 17). Hence, to construct the section required it is 

merely necessary to transfer the points 1 7 to x y 

(preserving of course their proper intervals), and then to 
raise perpendiculars equal to their respective heights. 
This may readily be effected by drawing lines from 
1', 2', &c, parallel to x y, cutting the respective per- 
pendiculars. The seven-sided polygon thus obtained is 
termed the " section " of the dodecahedron " on A B." 

If a sectional elevation is required, it is merely neces- Sectional 
sary to drop perpendiculars on A B from those points of e eva 10n * 
the solid which would be visible from the section plane 
looking in the direction shewn by the arrows, to transfer 
to x y the points in which these perpendiculars cut A B 

simultaneously with the points 1 7, and then to raise 

perpendiculars from the transferred points equal in length 
to the heights of the points themselves, obtained from 
their respective elevations. The manner of joining the 
points thus obtained with the angles of the seven-sided 
section can be at once seen by an inspection of the plan. 
The resulting figure is termed the " sectional elevation " 
of the solid "on A B;" it is shewn in Fig. 47, the 
sectional part being distinguished by cross hatching. 

In practice, the points should be transferred from the section line to Note a, 
the new ground line by ticking them off with a fine-pointed pencil on 
the clean edge of a slip of paper. 

The seven-sided polygon V 7' is the elevation of the section Note 6. 

of the solid. 

In Engineering Drawing the term u section" usually 
implies " sectional elevation." 
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Sections by SECTIONS BY HORIZONTAL PLANES. 

horizontal 

planes. The section of a solid by a horizontal plane is obtained 

by a similar operation to that described in the last problem. 
A line parallel to x y and cutting the elevation of the solid 
will be the vertical trace of the section plane, and by pro- 
jecting from the points in which this vertical trace cuts 
the elevations of the several edges of the solid on to the 
plans of those edges respectively, the horizontal section of 
the solid is obtained. Thus a horizontal section is deter- 
mined by projecting from elevation to plan instead of 
from plan to elevation, as in the case of a vertical section. 
It should be noticed that the former of these processes 
always gives the true form of the horizontal section, while 
the latter gives the true form of the vertical section only 
when the section plane is taken parallel to the vertical 
plane of projection. 

Fig. 48, Pi. In Fig. 48, PI. XII., an octohedron with one face in 
the horizontal plane is shown in plan and elevation (see 
Prob. V., Chap. V.). This solid is cut by three horizontal 
planes dividing its height into four equal parts. The 
lines 1' 1', 2' 2', 3' 3', are the vertical traces of these 
planes, while the six-sided figures 11... &c, 22... &c, 
33 . . . &c, are the sections of the solid by the three 
planes respectively. All the points, 1, 2, and 3, can be 
determined by projection from their elevations ; but since 
the intersections of some of the projecting lines with the 
plans of the edges of the solid would be very acute, these 
points are best determined by dividing the plans of the six 
inclined edges of the solid into four equal parts and joining 
the points of division all round the solid. 

Contours. When a solid or surface of any form is cut by a series 
of equidistant horizontal planes, the plans of the resulting 
sections are termed " contours " of the solid or surface. 
Thus the three six-sided polygons shewn in Fig. 48 are 
contours of the octohedron, and the contour of any solid 
contained by planes is made up of horizontals (see p. 45) 
of those planes. In Fig. 48, those portions of the con- 
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tours which are hidden by the solid are shewn in dotted 
lines. If the npper portion of the octohedron out off by 
one of the section planes (1' 1') be supposed removed, the 
remaining figure would be the " sectioned plan " of the solid, Sectional 
or "plan at IT." ****• 

Sections by Oblique Planes. Section* by 

oblique 

When a solid is contained by planes, the projections of P lanes - 
its section by any plane given by its traces can be obtained 
by determining separately the projections of the intersec- 
tions of the plane with each edge (Prob. VI., Chap. III.). 
In many cases, however, it will be fonnd simpler to assume 
a new ground line at right angles to the horizontal trace 
of the given plane, to draw the elevation of the solid and 
vertical trace of the plane on the new co-ordinate plane, 
and then to project from the points in which the new 
vertical trace cuts the several lines of the new elevation. 
The following problem is an example of this method of 
proceeding. 

An oblique pyramid stands on an irregular five- Problem 
sided base; determine the projections of its section n. 
by a plane inclined to both planes of projection. 

In Fig. 49, PL XIL, abo de, a'V o' S e' are the projec- Fig. 49, PL 
tions of the base, and t/, v those of the vertex of the u ' 
pyramid ; h t is the given plane. A new ground line 
z z is assumed anywhere at right angles to t the hori- 
zontal trace of the given plane, and cutting it in *. 
Determine the inclination (a) of the given plane (Prob. 
IIL, Chap. III.) ; then a line 8 I from *, making a with 
z z, will be the new vertical trace of the given plane 
(Theor. 26, p. 26). Make a complete elevation of the 
pyramid on z z. Then the point in which s I cuts the 
elevation of any edge of the solid is the elevation (on z z) 
of one of the angular points of the required section. 
Thus i' is the point in which s I cuts the edge v" a", and 
its plan * (obtained by projecting from t" on to v a) is one 
of the angular points of the required plan of the section of 
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the pyramid by the plane h t The remaining points of 
the plan are similarly obtained, and by projection their 
elevations on x y are deduced. 

The upper portion of the pyramid cut off by the 
plane h t has been removed in the figure, and both 
the projections of the section are distinguished by cross 
hatching. 

Note. The true form of the section can readily be obtained by rotating it 

down about 1 9 the horizontal trace of its plane. (See Note d, Prob. 
XIV., p. 36.) 

Sections of SECTIONS OF CURVED SURFACES BY PLANES. 

curved 

surfaces. if the surface is a right cylinder, its section by any 

Right plane oblique to the axis will be an ellipse. If the right 
cylinder, cylinder be enveloped by a square prism, and the section 
of the prism by the plane be determined, the resulting 
figure will be a parallelogram circumscribing the required 
Right cone, ellipse. Similarly, if a right cone be enveloped by a 
square pyramid, the section of this pyramid by a plane 
oblique to its axis will be either a quadrilateral or a figure 
of three lines not closed. In the former case, the section 
of the right conical surface will be the ellipse inscribed in 
the quadrilateral. In the latter case the section will be 
either a parabola or a hyperbola, and the three lines will 
be three tangents to the curve* Further, if the intersec- 
tions of the cutting plane with those generatrices in which 
the pyramid touches the conical surface be determined, 
these intersections give points on the curve, which can 
therefore be drawn. The following general method is 
applicable to any conical or cylindrical surface, provided 
only that its trace (see Definition, p. 37) is given or can 
be determined. 

Problem A conical surface has a circular trace; this trace 
ni. and the vertex are given. Determine, 1st, the projec- 

tions of the section of the surface by a plane with 
given traces ; 2nd, the true form of this section. 

Fig. 52, pi. In Fig. 52, PL XII., vv' is the vertex of the conical 

A.1J, 
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surface, and the circle with centre c is its horizontal trace ; 
mo, on are the traces of the plana (Lines drawn at 
right angles to x y and touching the trace of the surface 
determine its elevation.) Then, if the plans of the inter- 
sections of a sufficient number of generatrices with the 
plane be determined, the required plan of the curve can 
be drawn through them. In the figure, t/ 1' is the 
common elevation of two generatrices v 1 and v 2. The 
plane mon cuts these generatrices in the points a! in 
elevation, and a, I respectively in plan ; a and b are there- 
fore points on the required plan of the section of the 
surface. Proceeding in this way, a sufficient number of 
points can be found to enable the plan of the section to 
be drawn. 

The true form of the section is obtained by rotating it 
down about the horizontal trace (on) of its plane. Thus 
making a A, /3B, each equal to o a', we obtain A and B, 
points on the turned down or true section. 

The plan of the section is distinguished in Fig. 52 by cross hatching, Note a. 
and the upper portion of the surface cut off by the plane mon is sup- 
posed to be removed on plan. 

The cutting plane mon has been assumed perpendicular to the Note 6. 
vertical plane of projection. If this were not the case, the above con- 
struction could still be applied after taking a new ground line and 
making a new elevation as explained in Prob. II. of this Chapter. 

In the case of a cylindrical surface given the axis and trace, the Note c. 
construction would be similar, but the generatrices would be parallel 
in plan and elevation respectively, instead of converging. 

No absolute rules can be laid down applicable to all 
kinds of surfaces, but it may be remarked that surfaces 
will usually contain certain sets of lines or curves easily 
obtained, and the intersections of such lines or curves with 
the section plane determine points on the section of the 
surface. Thus, in the case of all solids of revolution 
(Def. p. 52), sections by planes at right angles to the axis 
are circles, and the points in which these circles are cut by 
any plane will be points on the section of the solid by 
that plane. This is illustrated in the case of the right 
cone in the following problem. 
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Problem Determine the section of a right eone standing on 
IV. the horizontal plane : 1st, by a vertical plane ; 2nd, by 

any oblique plane. 

Fig. so. 1st. The given right cone (Fig. 50) is cut by the vertical 

plane MON. If now the cone is supposed to be cut by a 
series of horizontal planes, the sections (or contours) will 
be circles and their plans will be concentric circles, with the 
plan of the vertex of the cone as centre. Draw any series 

Fig. 50. 




of lines parallel to x y cutting the elevation of the cone in 
1' 1', 2! 2\ • . &c. Then 1' 1', 2' 2' ... are the eleva- 
tions of the circles in which horizontal planes at these 
respective levels cut the cone. Draw their plans, and from 
the points in which N 0, the horizontal trace of the given 
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plane, cuts each of them, project up on to the corresponding 
elevation. Thus, from the points a, b on the circle 3 3 3, 
project on to the line 3' 3'. Then a' and V are points on 
the elevation of the curve. The other points are similarly 
determined. 

The real form of the section is obtained by turning the 
latter down about N. Thus a A and b B are made equal 
to the height of the elevations a 9 'V 9 and so on. The section 
is a hyperbola. 

In the figure the horizontal cutting planes have been taken as Note a. 
equidistant, but they can of course be taken anywhere at pleasure. 

To determine the precise elevation of the vertex of the hyperbola, Note 6. 
draw a circle with v as centre touching N. Obtain the elevation of 
this circle, and project up to it from the point of contact 

2nd. If the cutting plane is oblique, as in Fig. 51, the Fi s« 51 * 
principle is exactly the same, but in this case the plan of 
the intersection of the cutting plane M N with each of 
the contour planes must be determined. Thus ts is the 
plan of the intersection of the plane M N with the hori- 
zontal plane cutting the cone in a circle whose elevation is 
3' 3', and t 8 cuts the plan of that circle in a, b, two points on 
the plan of the required curve. By projection, a' and V the 
elevations of those points are obtained, and similarly for 
all the other points. The curve is an ellipse, and the plans 
of its vertices can best be obtained by drawing an 
auxiliary elevation of the cone on a ground line zz at 
right angles to xy. MxOi making an angle with zz 
equal to the inclination of the plane M N, is the new 
vertical trace of the plane, and it cuts the outline of the 
new elevation of the cone in c', d'. Project down from 
c, d! on to a line through v at right angles to N 0. Then 
c, d are the vertices of the ellipse. The real form of the 
ellipse can be obtained by turning it down about N as 
shewn, and in this the auxiliary elevation will assist 

The above constructions are applicable to any solid of 
revolution with a vertical axis. 

The curve of section being an ellipse, both the plan and elevation are Note c. 
ellipses also. Moreover one of the axes of the elliptic plan is parallel 



i 

J 



78 



PRACTICAL GEOMETRY. 



Not* d. 



Note e. 



and the other at right angles to the horizontal trace of the cutting 
plane. 

& df ia equal to the major axis of the true ellipse. To determine the 
minor axis directly, bisect d ct by a line parallel to z z terminated by the 



Fig. 51. 




outline of the elevation of the cone. Describe a semicircle on this line, 
then the ordinate of this semicircle at the point of bisection is equal 
to half the minor axis. (See Prob. XVI., Chap. III.) 

In the figure the cutting plane has been so taken as to give an 
ellipse, but the construction is perfectly general, and would apply 
equally if the section were a parabola or hyperbola. 
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EXAMPLES. 

1. A right cylinder, diameter 2", axis vertical, is cut by a plane 
inclined at 48°. The horizontal trace of the section plane touches the 
base of the cylinder and makes 55° with x y. Determine the elevation 
of the section and also its true form. 

2. A right cone, base 3" diameter, height 4", stands on the horizontal 
plane. It is cut by a plane whose vertical and horizontal traces make 
angles of 35° and 60° with x y respectively. Determine the projections 
and true form of the section. 

3. The same cone is cut by a plane parallel to a generatrix and 
bisecting the axis. The horizontal trace of this plane makes 45° with 
x y. Determine the projections and true form of the section. 

4. The same cone is cut by a vertical plane which bisects a genera- 
trix and has a horizontal trace inclined 45° to xy. Determine the 
elevation and true form of the section. 

5. A sphere (radius 1*5") resting on the horizontal plane is cut by 
a plane passing through its centre, inclined at 50° and having a hori- 
zontal trace making 60° with x y. Determine the projections of the 
section. Determine also the projections of the section of the sphere by 
a second plane parallel to and 75" from the first. 

6. One of the faces of a tetrahedron of 2 ■ 5" edge is vertical and 
inclined 30° to the vertical plane of projection. One edge of this face 
is inclined at 20°. The solid is cut by a vertical plane bisecting any 
edge and cutting | off an adjacent edge. Determine the projection and 
true form of the section. 

7. A prism, length 3*5", has an equilateral triangle of 2" side as 
base. This prism is cut by planes into three equal pyramids. Show 
the lines in which these planes would cut the prism, and draw the plan 
of one of the pyramids when its plane of section is on the horizontal 
plane. 

8. A cube of 3" edge has one diagonal inclined at 70°. It is cut by 
equidistant horizontal planes dividing this diagonal into five equal 
parts. Show contours. 

9. A pentagon 1-5" side is the base of an oblique prism whose 
parallel edges make 55° and 20° with the horizontal and vertical planes 
respectively. Determine the projections of its section by a plane 
inclined at 45°, and cutting two adjacent parallel edges in points 25" 
and 1" from the base. 

10. An ellipse with axes 3" and 1*5" is the horizontal trace of a 
cylindrical surface whose axis is inclined at 50° and 30° to the hori- 
zontal and vertical planes respectively. The major axis of the ellipse 
produced makes 35° with x y. The surface is cut by a plane inclined 
at 40°, whose horizontal trace touches the elliptic trace and makes 65° 
with x y. Determine the projections of the section. 

11. Two horizontal lines are 1*5" and 3*5" above the horizontal 
plane, their plans make an angle of 95° with each other, and one of 
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them makes 40° with xy, A surface is generated by a line moving 
parallel to the vertical plane and meeting the two lines. Determine 
its trace. 

12. An annulus is generated by a circle 2" diameter, whose centre 
moves on a circle 3" in diameter. The solid rests on the horizontal 
plane. Determine, 1st, the projection of its section by a vertical plane 
touching its inner surface and inclined 60° to the vertical plane of 
projection; 2nd, the projections of its section by a plane whose 
horizontal and vertical traces make 60° and 50° with xy respectively, 
and which also touches the inner surface of the annulus. (This solid 
is called an " anchor ring," and it possesses the following peculiar 
property : all planes which touch its surface in two points cut it in two 
equal intersecting circles.) 
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CHAPTER VII. 

INTERPENETRATION OF SOLIDS, ETC. 

Solids contained by Planes. 

The following is a general method for determining the 
intersection of any two such solids, in any position with 
respect to each other. In many cases, however, special 
forms or positions of solids will suggest simpler methods 
of operation. 

In Prob. VI., Chap. IV, the intersection of two planes is 
determined by means of their horizontals. If therefore 
two interpenetrating solids are cut by a series of equi- 
distant horizontal planes, the "contours" obtained (see 
Definition, p. 72) will severally intersect in points on the 
plans of the intersections of the respective faces of the 
solids. That is to say, the intersections of any two 
contours (produced if necessary) of a face of one solid 
with the corresponding contours of a face of the other 
solid, determine the plan of the intersection of the planes 
of those faces. Hence, if any portion of this plan falls 
within the plans of both the faces in question, that portion 
will be common to both solids, and will therefore be part 
of their common intersection. 

This method of using contours in determining the 
intersections of two bodies is of considerable importance. 
The following problem will serve as an example. 

Determine the projections of the intersection of Problem 
an oblique prism having an irregular four-sided base, Ia 
with an oblique pyramid having an irregular five-sided 
base. 

In Fig. 53, PI. XIII, the projections of the two solids Fig. 53, Pi. 
are shewn: abode is the base of the pyramid; fghh 

G 
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that of the prism. The lines 1' 1', 2' 2' are the vertical 
traces of two horizontal planes cutting both solids. The 
contours obtained will be, on the prism four-sided 
polygons with sides respectively parallel and equal to 
those of the base fghk, and on the pyramid five-sided 
figures similar to abode, and with sides respectively 
parallel. Thus, one point on each contour being obtained 
by projection, the contours can be completed by drawing 
lines parallel to the sides of the bases, and terminated at 
the plans of the edges of the solids. The contours thus 
determined are figured 1, 1, 1, 1, 1, and 2, 2, 2, 2, the same 
figure being used for the contours of similar level on both 
solids. Now the contours of face b v o of the pyramid and 
g h of the prism respectively intersect in the points p and 
q ; the line ft e therefore drawn through p and j, and 
terminated by the plans of the edges of the face b v c, is the 
intersection of faces bve and g h. Similarly, the contours 
of the faces b v c of the pyramid and fh of the prism 
respectively intersect in $ and t; the line 8y therefore 
drawn through s and t, and terminated by the plans of the 
edges of the faces in question, is the intersection of those 
faces. Proceeding in this way, the complete plan of the 
intersection of the two solids is obtained. The elevation 
of this intersection is deduced by projection ; thus ff e' is 
the elevation of /3 e, & y' of 8 7, and so on. 

Note a. In the present instance two contours of each solid are sufficient : a 

larger number is however sometimes required, as will be seen in the 
case of curved surfaces. 

Note 6. In Fig. 53 the contours are shewn in fine continuous lines where 

they would be visible, and in fine dotted lines where they would be 
hidden. 

Note c. The form of the intersection of these two solids should be noticed. 

The pyramid passes completely through the prism, and hence the 
intersection consists of two separate polygons. One of these polygons 
is a plane figure, since it lies wholly in the face g h of the prism ; the 
other does not lie in any one plane, and can therefore be represented 
on paper only by its projections or development. If a portion of the 
pyramid (the edge v b, for instance) had fallen outside the prism, there 
would have been only one polygon, and this not plane. 

Note d. In determining the intersection of two solids by cutting both by a 

system of parallel planes, it is not necessary that the latter should be 
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horizontal. Any parallel planes may be used, but those whose inter- 
sections with the solids can be most readily determined, should of 
course be selected. For this reason vertical or horizontal planes are 
usually preferable. 

Curved Surfaces. 

The intersection of two curved surfaces may be either, 
1st, a straight line, as in the case of two cylinders with 
parallel axes ; or, 2nd, a plane curve, as in the case of a 
sphere and a right cone whose axis passes through its 
centre ; or, 3rd, a curve of double curvature, as in the case 
of two unequal cylinders whose axes are not parallel. 

The lines (straight or curved) in which two interpene- Theorem 
trating surfaces are cut by a plane or a third surface, will 33# 
themselves intersect in points on the common inter* 
section of the two surfaces. 

Hence, if everything is known with respect to the 
relative positions and modes of generation of two surfaces, 
points on their common intersection can always be ob- 
tained by cutting both surfaces by a system of planes or 
of surfaces. That particular system of planes or surfaces 
whose intersection with the solids is most easily determined, 
should of course be selected for the operation. Thus, two 
surfaces of revolution whose axes are vertical, should be 
cut by a system of horizontal planes. Two conical 
surfaces with oblique axes and any bases, should be cut 
by a system of planes passing through both vertices. 
A conical and a cylindrical surface should be cut by a 
system of planes containing the vertex of the first surface 
and parallel to the axis of the second. Two surfaces of re- 
volution whose axes intersect should be cut by a system 
of concentric spheres, whose common centre is the point 
of intersection of the axes. 

Determine the projections of the intersection of a Problem 
right cone and right cylinder having axes respectively H. 
vertical and horizontal. 

The projections of the solids are shewn in Fig. 54, PI. Fig. 54, Pi. 
XIV., and it will be seen that a system of horizontal XIV# 

G 2 
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planes will cut the cone in a series of circles concentric on 
plan with its base, and the cylinder in a series of pairs of 
generatrices. To save construction the cutting planes are 
taken, not vertically equidistant, but so as to cut the cy- 
linder in equidistant generatrices. Thus, the semicir- 
cular half end of the cylinder being revolved parallel to 
the vertical plane about 1' 1' the major axis of its ellip- 
tic projection, is divided into six equal parts in the 
points 2', 3', 4', 3', 2'. Horizontal lines through these 
points are the elevations of the sections of the cylinder by 
the system of horizontal planes. The plans of these lines 
are found by turning down the half end of the cy- 
linder, dividing it into six equal parts as before, and 
drawing lines through the points of division parallel to 
the axis of the cylinder. The centre line is numbered 1, 
and the remaining lines are numbered 2, 3, 4 ; 2, 3, 4 out- 
wardly from it. It will be seen, therefore, that each line 
in elevation, except those numbered 1', corresponds to two 
lines on plan ; and similarly each line on plan, except 
those numbered 4, corresponds to two lines in elevation. 
Now, the plane which cuts the cylinder in the lines of 
which 4' is the elevation and 4, 4, the plans, will cut the 
cone in a circle of which d! d! is the diameter. Hence, 
if with v (the centre of the base of the cone) as centre 
and dl d! as diameter, or d! d as radius, a circle is 
described, the points e, e, e u e u in which this circle 
cuts the lines 4, 4, will be points on the required plan of 
the intersection of the solids. Points on the lines 1,2, 
and 3 are similarly obtained, and the plan of the intersec- 
tion is drawn to pass through them. The elevations of the 
points thus determined on plan are obtained by projec- 
tion. Thus e\ e\, e' y e' l9 on line 4', are the elevations of 
e 9 e u e, e x . An inspection of the plan shews which of the 
points of the curves are on the lower half of the cylinder, 
and the elevations of these points must be on the lower 
lines similarly numbered. 

Not* a. The curves of intersection obtained in this case are of " double 

curvature" ; that is to say, they partake of the curvature of both solids, 
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do not lie in any one plane, and cannot be represented on paper except 
by their projections. They are, however, capable of development in 
two ways, as will be seen hereafter. 

Since the cylinder passes completely through the cone, there are two Note b, 
separate curves of intersection. If the cylinder were partially outside 
the cone, there would be but one curve. If the cylinder were to touch 
the cone internally, the curve of intersection would have two coincident 
cusps. 

It should be noticed that the bounding lines of the solids touch the Note c. 
curves of intersection both in plan and elevation. 

In the figure the unseen portions of the curves are dotted, and the Note d. 
bounding lines of the one solid are not shewn where they are cut away 
by the other solid. 

The above is a good example of the simple intersections 
which occur in drawing out machine details. 

Determine the projections of the intersection of two Problem 
cylindrical surfaces whose axes are oblique to both m « 
planes of projection, and do not meet. 

In Fig. 57, PL XV., the projections of two right cylin- Fig. 57, Pi. 
drical surfaces are shewn. The traces of these surfaces xv# 
are ellipses which, if not given, must first be determined. 
Then if the two surfaces are cut by a system of planes 
parallel to hath axes, these planes will cut the surfaces in 
generatrices whose intersections will give points on the 
common intersection of the surfaces. 

A point pp' is assumed on the axis of one cylinder, and 
from it a line is drawn parallel to the axis of the other cylin- . 
der. Then h t l9 h t 2 , being the horizontal traces of this line 
and the axis of the former cylinder respectively, zz is the 
horizontal trace of the plane containing them (Theor. 24, 
p. 26), and 8 8, vv parallel to zz will be the horizontal 
traces of planes parallel to the axes of both cylinders. 
The three lines zz, 8 8, vv } cut the elliptical traces of the 
cylinders in the points 1, 1, 1, 1 ; 2, 2, 2, 2; 3, 3, 3, 3 
respectively; these points are therefore the horizontal 
traaes of the generatrices in which the three planes cut 
the two surfaces. The plans of these generatrices are ob- 
tained by drawing lines through their horizontal traces 
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1. .1, 2. .2, 3. .3, parallel to the axes of the respective 
cylinders. The intersections of these plans, the points 
a, a, a; b, b,b,b; c, c, c, are points on the plan of the 
common intersection of the surfaces. Similarly the inter- 
sections of the elevations of these generating lines give the 
points a', a', a! ; b', b', V, V ; c' 9 c\ c', on the elevation of the 
required intersection. By taking more traces parallel to 
% z, and repeating the above construction, sufficient points 
are obtained to enable the required curves to be drawn. 

Note a. Since one of the cylinders passes completely through the other, there 

will be two curves of intersection, one of which will be a closed curve, 
while the other will terminate at », and i v the points in which the 
elliptical traces intersect, unless the cylinders are supposed to be 
produced through and below the horizontal plane of projection. 

Note b. The cylinders shewn in Fig. 57 are right cylinders, the method 

explained for determining their intersections is however applicable to 
any cylindrical surfaces whatever, provided only that their traces are 
known or can be obtained. 

Note c. When the axes of both cylinders are oblique to the planes of projec- 

tion, as in this instance, it will usually be impossible at first to see 
what form the intersection will assume. This form will, however, 
become apparent when a sufficient number of points have been 
determined. 



Theorem 
34. 



Theorem 
35. 



Tangents to Curves op Double Curvature. 

The limits of the present work do not allow of a full 
treatment of the methods of determining tangents to 
curves of double curvature. Two points in connection 
with the subject may, however, be noticed. 

1st. The tangent to a curve of double curvature must 
be also a tangent to both the containing surfaces. Hence, 
if at any point on such a curve a tangent plane to each 
surface is determined, the projections of the intersection of 
these two tangent planes will be the projections of a tan- 
gent at that point to the curve of double curvature. 

2nd. Tangents at any point to the projections of a curve 
of double curvature are the projections of the tangent to 
the curve itself at that point. 
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Development. 

If a surface can be folded out on to a plane, it is said to Definition 
be " developable," or " capable of development," and the ^ e ^y elop " 
plane geometrical figure obtained by thus folding out a 
surface is termed its " development." 

All surfaces generated by the motion of a straight line General 
are developable if the generatrix in two successive positions 
always lies in one plane. Thus conical and cylindrical 
surfaces are always developable, while spherical, spheroidal, 
helicoidal and conoidal surfaces are incapable of develop- 
ment. 

Surfaces generated by the motion of a straight line and Twisted 
incapable of development are termed " twisted surfaces." ^^JJJ n 

The helix, whether cylindrical or conical, is developable, De Ye iop- 
since it is a curve of double curvature lying on a cylindri- ment of the 
cal or conical surface. Thus, referring to Fig. 46, PI. XI., x * 
if a d is made equal to the perimeter of the semicircle xi.' 
a 3 e, and dq (at right angles to ad) to half the pitch of 
the helix, then q represents the point 6' when the curve 
a 6' is developed or folded out on to -the vertical plane 
of which xy is ground line. Further, since the helix 
has a uniform twist, the ratio existing between the ordi- 
nates of the developed curve is constant, and the 
developed helix is thus the straight line joining a and q. 
The angle q a d is called the " inclination of the thread." 
Similarly, I p is the development of the inner helix, and 
the angle pic its inclination. 

If the helix is not uniform but has an increasing twist, as is the Note, 
case of the rifling of some heavy guns, the ratio between the ordinates 
of the developed curve is not constant, and the latter therefore becomes 
a curve. 

The curves of double curvature represented by their 
projections in Fig. 54, PI. XIV., lie on two surfaces— a Fig. 54, Pi. 
right cylinder and a right cone — these curves are X1V ^ 
therefore capable of development in two ways. 
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Fig, 55, PI. 
XIV. 
Develop- 
ment of 
right 
cylinder. 



Note a. 



Note b. 



Note c. 



First. If of Fig. 55, PL XIV., is made equal to the 
perimeter of the circular end of the cylinder shown in 
Fig. 54, and divided into twelve equal parts, then ordinates 
drawn from all the points of division at right angles to of 
represent the generatrices of the cylinder when developed 
or folded out on to the horizontal plane. Hence, if these 
developed generatrices (Fig. 55) are made respectively 
equal to their corresponding plans (Fig. 54), from the end 
of the cylinder to the points where those plans meet the 
plan of the curve of intersection, points on the develop- 
ment of the latter are obtained. Thus, the two lines 1" 6" 
(Fig. 55) are both made equal to 1 6 (Fig. 54) — since 
these lines will coincide if the developed cylinder be 
supposed reconstructed — and each successive generatrix is 
made equal to its corresponding plan, working completely 
round the cylinder, 2" 8" equal to 2 8 ; 3" 9" equal to 3 9, 
and so on. 

It is only because the cylinder (Fig. 54) is horizontal that the 
developed generatrices can be made equal to their plans (see Theor. 12, 
p. 18) ; if the cylinder were inclined, the real lengths of these 
generatrices must be determined. 

As drawn in Fig. 47, the cylinder has been supposed ripped up along 
the line 1 6 and then folded flat. It is obvious, however, that any other 
line might have been taken instead. 

The two intersecting cylinders given in Fig. 57, PL XV., with their 
curve of intersection, could both be developed in the same way. The 
latter would take a different form for each of the developments. 



Develop- 
ment of 
right cone. 



Second. If the cone be supposed cut in halves by a 
vertical plane z x z 2 passing through its axis, the develop- 
ment of one of the halves would be a sector of a circle 
having a radius equal to the slant height of the cone and 
an arc equal to half the perimeter of its base. V Z x Z 2 
Fig. 56, Pi. (Fig. 56) is thus the development of the half cone, the 
length of arc Z x Z a being obtained either by dividing up z x z 2 
into small arcs and setting off the chords of these arcs 
along the arc Z x Z 2 (thus assuming the chord of a small 
arc whose radius is v z u to be equal to the chord of an 
equal arc whose radius is V Z, a sufficiently close approxi- 
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mation), or else by calculating the angle Z x V Z a . It is 
now required to place in this sector the development of one 
of the curves of intersection of cylinder and cone. Draw 
v a, v b (Fig 54) touching the plan of the curve, make 
the arcs Z x a' and Z a 6' (Fig. 56) equal to »i a and z 2 b 
respectively, then the lines V a', V V will touch the de- 
veloped curve. Divide the arcs ab and a'V into any 
number of equal parts, say six, and draw lines from v to 
all the points of division (3, 4, 5, 6, 7) of the arc ab, and 
from V to all the corresponding points (3', 4', 5', 6', 7') 
of the arc a! b\ The former lines cut the plan of the 
curve of intersection in points whose real distances from 
the vertex of the cone, set off along the corresponding 
lines of Fig. 56, give points on the required development. 
Thus the line t;4 (Fig. 54) cuts the plan of the curve in 
the points r and s. Determine the real lengths of which 
v r and v 8 are the plans, and set off these real lengths 
on the line V 4' (Fig. 56) from V, thus obtaining S 
and E points on the development required. Points on 
the lines V3' V5', &c., can be determined in a similar 
manner. 

The real lengths of v r, &c, may conveniently be found as follows. Note. 
Make o p equal tovr, and draw p p from p at right angles to x y and 
meeting v' n', the bounding line of the cone in p', then i/ p' is the real 
length of v r, and Y R must be made equal to v' p'. 

The bounding surface of any solid contained by planes Solids 
is of course always developable, and if two such solids J ont » ined 

* . . oj planes. 

intersect, the development of the lines of intersection can 
be obtained on the development of each. Thus, the prism 
and pyramid shown in Fig. 53, PI. XIII., can both be 
developed together with the polygons (one plane and the 
other not) in which they intersect. The determination of 
such development needs no explanation, since it is merely 
necessary to find the real lengths of certain lines whose 
projections on two planes have been previously obtained. 
(See Prob. II., Chap. II.) 
The bounding line of the projection (i. e. the apparent Definition 
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outline) of a solid, is sometimes spoken of as its " contour." 
The term contour used in this sense must not be con- 
founded with the section of a solid by a horizontal plane 
(Definition, p. 72). 
Shortest The shortest distance between any two points on a solid 

between contained by planes, or by a curved surface, will be the 
points on a distance between those points developed. To find this 
solid. distance, therefore, develope the solid. Determine the 

position of the points on the development, and join them. 

EXAMPLES. 

1. An octagonal and a heptagonal right pyramid stand on the hori- 
zontal plane, the former has height 4" and side of base 1*5", the latter 
5" and 1 *25" respectively. One angle of the base of the former is at 
the centre of the base of the latter. Determine the projections of the 
intersection of the two solids. 

2. A Vertical prism on an irregular five-sided base (no side less than 
1*25") stands on the horizontal plane, a horizontal prism with square 
base (1 • 75" side) passes partially through the vertical prism. The 
lengths of both prisms are 4*5"; the long edges of the latter make 35° 
with the vertical plane, and one of these edges is outside the former 
prism and * 5" from its nearest vertical edge. Determine the projections 
and development of the intersection of the prisms. 

3. A vertical right pyramid and a horizontal right prism intersect. 
The former has a pentagonal base of 1*5" side, the latter a square base 
1*5" side; the height of the former is 4* 5". The axis of the prism 
makes 40° with the vertical plane and cuts the axis of the pyramid at a 
height of 2" above its base. Determine the projections of the intersec- 
tion of the solids, and obtain the development of the pyramid. 

4. A dodecahedron of 1 ' 25" edge (one face horizontal) is penetrated 
by a vertical pentagonal right pyramid, height 5", side of base 1*5". 
The axis of the pyramid cuts the horizontal faces of the dodecahedron 
at '5" from their centres, and the lower of these faces is 1" above the 
base of the pyramid. Determine the projections of the intersection of 
the solids. 

5. A vertical pentagonal right prism, side of base 1*5", passes com- 
pletely through a sphere of 2" radius. The axis of the prism passes at 
a distance of '25" from the centre of the sphere. Obtain the elevation 
of the intersection of the solids on a vertical plane making 30° with one 
face of the prism. 

6. A vertical hexagonal right pyramid, side of base 1 • 5", pierces a 
sphere of 2" radius. The height of the pyramid is 4*5", its axis passes 
at '25" from the centre of the sphere, and this centre is 2*5" above the 
base of the pyramid. Determine the projections of the intersection. 



INTERPENETRATION OF SOLIDS, ETC. 91 

7. A vertical right cylinder, radius of base 1 # 25", is cut by a 
plane inclined at 50°. Obtain the development of the curve of sec- 
tion. (This development is the projection of a cylindrical helix of 
long pitch.) 

8. A hollow sphere, external radius *2", thickness *5", has a 
cylindrical hole bored through it. The diameter of the latter is 1'5", 
its axis is inclined 40° to the vertical plane, and is *75" above the 
centre of the sphere. The boring cylinder touches the internal 
spherical surface. Determine the projections of the sphere. 

9. A vertical right cone, radius of base 1*5", height 4* 5", penetrates 
a sphere of 1 ' 75" radius. The centre of the sphere is 2" above the base 
of the cone, and the latter touches the surface of the sphere. Determine 
the projections of the intersection, and obtain the development of the 
cone. 

10. Two hollow spheres, external radii •2" and 1*5", thickness "5", 
intersect. The surface of the larger sphere passes through the centre of 
the smaller, the plans of their centres are 1 '25" apart. Determine the 
plan of the intersection. 

11. Two equal cylinders intersect; their diameters are 1*25", and 
their axes are horizontal and vertical respectively. The axis of the 
former cylinder makes 35° with the vertical plane, and its bounding 
generatrix on plan passes outside the circular plan of the vertical 
cylinder and '25" from it. Determine the elevation of the resulting 
intersection and develop either of the cylinders. 

12. A hollow vertical right cylinder, external diameter 2*5", 
thickness *5", is pierced by a horizontal right cone, diameter of base 
2 "25", height 4*5". The axis of the cone makes 40° with the vertical 
plane, and the cone itself touches the internal cylindrical surface. 
Determine the projections of the intersection, the cone being supposed 
removed. 

13. The horizontal traces of two right cones are ellipses whose axes 
are 4", 2*5" and 3*5", 2*5" respectively; the major axis of the former 
makes 25°, and of the latter 35° with x y. These elliptical traces 
touch each other. Determine the projections of the intersections of the 
cones. 

14. Two equal right cones intersect, their heights are 4 • 5", diameters 
of bases 3 "5", and axes respectively horizontal and vertical. The 
height of the horizontal axis is 2" ; it is inclined at 40° to the vertical 
plane, and passes at a distance of '25" from the vertical axis. The 
former axis would be bisected on plan by a perpendicular dropped 
from the plan of the latter. Determine the projections of the 
intersection of the cones. 

15. A circular annulus, or anchor ring, is traced by a circle of 1*5" 
diameter whose centre moves on a circle of 3" diameter. The plane of 
the latter circle is horizontal. The annulus is penetrated by a vertical 
right cylinder of 1" diameter, which touches the annular surface. 
Determine the projections of the intersection. 
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16. The same annulus is cut by a vertical right cone, diameter of 
base 1*5", height 3". The plane containing the path of the centre of 
the tracing circle of the annulus bisects the axis of the cone, and the 
plan of this axis is situated °5" within the bounding circle of the plan 
of the annulus. The vertical plane containing the axes of the two solids 
makes 50° with the vertical plane of projection. Determine the 
projections of the intersection, and obtain the development of the 
cone. 
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OHAPTEB VIII. 

TANGENT PLANES TO SURFACES. 

A plane is said to touch a surface at any point when it Definition, 
contains all tangents to the surface at that point. 

If, therefore, the point on a surface at which a plane is 
to touch that surface is given, the plane cannot be made 
to fulfil any other condition. 

A tangent plane to a sphere or spheroid and to all 
surfaces of revolution generated by curved lines can, if 
the point of contact is not given, be made to fulfil two 
other conditions. In the case of a ruled surface, however, 
since a tangent plane must, from the nature of the 
surface, contain one of the generatrices, it can only be 
made to fulfil one other condition. 

Thus, a plane can be determined to contain two given 
points and touch a given sphere or spheroid, while a plane 
to touch a given cone or cylinder can be made to contain 
only one given point. 

It should be remarked, however, that in the case of a twisted surface, Note, 
although the tangent plane at any point must contain the generatrix 
passing through that point, this plane will nevertheless be tangent to 
the surface at that point only, and may cut the surface on either side of 
the point of contact. 

The following are examples of the determination of 
tangent planes to the sphere, right cone, and right 
cylinder. Since a representation on one plane of projec- 
tion suffices to determine these surfaces, the method of 
indices or figured plans explained in Chap. IV. is 
adopted. 

Determine planes to touch two given spheres and Problem 
contain a given point. *• 

If the spheres are external to each other there will be four planes 
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fulfilling the required conditions ; if they touch each other externally, 
three planes ; if they cut, two planes ; if they touch internally, one 
plane ; while if one sphere includes the other the problem is im- 
possible. 

Fig. 58, Pi. In Fig. 58, PL XVI., a 30, 1 10 are the centres of the 
u given spheres, p 30 is the given point, the unit of 

height being taken as • 1". 

If a cone is determined enveloping the two spheres, 
the required planes must touch this cone. Similarly, if a 
second cone is determined with p 30 as vertex, and 
enveloping either of the spheres, the required planes must 
touch this cone also. If, then, the circles of contact of 
these two cones with the sphere are determined, the 
intersections of these circles of contact will be the points 
of contact of the required planes and the sphere. A plane 
therefore containing the vertices of the two cones and 
also one of the points of intersection of the circles of 
contact, will fulfil the required conditions. 

In Fig 58, PL XVI., lines tangent to the circular plans 
of* the spheres determine the plan of their enveloping 
cone, and v the meeting-point of these tangents will be 
the plan of the vertex. Since v lies on the line a 30, 
b 10 its index ( — 2) can be determined. (Prob. L, 
Chap. IV.) 

To, determine the plan of the circle of contact of this 
enveloping cone, an elevation of the latter will be neces- 
sary. Using the line a v as a ground line of level 30, the 
elevation of the sphere on av will coincide with its plan, 
and v', obtained by making vv' equal to 32 units (the 
difference of level of v and the ground line) will be the 
elevation of v. Tangents from v' to the circular plan 
(now elevation) of the larger sphere determine the eleva- 
tion of the enveloping cone, and m' n' 9 the chord of contact 
of these tangents, will be the elevation of the circle of 
contact of the cone and sphere. Hence, an ellipse de- 
scribed with m n the plan of ml ri as minor axis, and with 
major axis equal to m' n' 9 will be the plan of the circle of 
contact of the first enveloping cone and the larger sphere. 
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Again, since p the given point and a the centre of the 
larger sphere have the same index, the axis of the second 
enveloping cone will be horizontal, and its circle of 
contact vertical ; hence 8 1, the chord of contact of 
tangents from p, mil be the plan of this circle of contact, 
and x and y, the points in which 8 t cuts the elliptic 
plan of the first circle of contact, will be the points in 
which the tangent planes required will touch the sphere. 

The indices of the points x and y can be obtained as 
follows: Suppose a great circle of the sphere passing 
through one of the points (y) to be rotated about its 
horizontal diameter till its plane is horizontal. This 
great circle will then coincide with the plan of the sphere, 
and y (determined by drawing a perpendicular to ay 
from y) is the point y turned down or constructed. The 
distance y y' is therefore the difference of level of a and y ; 
and since y is below a, the index of y is 30 — yy'= 22 
units. Similarly, the index of x is 30 + x x' = 41 unit a 

It remains merely to determine two planes, one contain- 
ing the points v 9 p 9 x, the other the points v, p, y (Prob IV., 
Chap. IV.). The " scales of slope " of both these planes 
are shewn. 

There is another right conical surface, which will envelope both Note a. 
spheres. This surface will have a vertex between the two spheres, and 
will envelope one of the latter in each of its sheets. By proceeding in 
exactly the same way with this second surface, two more tangent 
planes to the two spheres are obtained, completing the total number 
possible. The plan of this second surface and of o its vertex are shewn 
in Fig. 58, but the planes are not determined. 

If the index of p had not been the same as that of a, the circle of Note 6. 
contact of the second enveloping cone would have had an ellipse for its 
plan. The two ellipses would intersect in four points, but an inspec- 
tion of the figure would shew which are the points in which the circles 
of contact really intersect. 

The construction above explained could of course have been made on Note c. 
the smaller sphere. . 

Determine planes to contain a given point and Problem 
touch a given right cone. u. 

If the given point is within the conical surface the problem is Note. 
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impossible; 'if it is on the surface there will be one plane fulfilling 
the condition ; if without the surface two planes. 

Fig. 59, pi. In Fig. 59, PI. XVI., v7,c37 is the plan of the axis of 
XVI " the given cone, and using this line as a ground line of 

level 37, v' o is the elevation of the axis, and a' V at right 
angles to v' e and equal to the given diameter of the base 
of the cone, is the elevation of that base on vc. From 
this elevation the elliptic plan of the base is obtained. 
(See Projection of Circles, p. 39). 

Now the required planes must pass through the point 
v v\ and if a line is drawn through v v' and p 19 (the given 
external point), they must contain this line. Further, if 
from the point in which the line through v v' and p 19 cuts 
the plane of the base of the given cone, tangents are drawn 
to that base, the required planes must contain these tan- 
gents, and must touch the cone in generatrices drawn 
through their points of contact. Determine p' the eleva- 
tion on v e of p 19, and join v'p'. 

Then v'p', produced, cuts the plane of the base int"; 
hence by projection, t 41*4 is the plan of the point in 
which the line through v 7 and _p 19 cuts the plane of the 
base. Lines from i tangent to the elliptic plan of the 
base of the cone are the plans of tangents to that base from 
the real point in which the line through the vertex and 
the given point cuts its plane. These tangents touch the 
base of the cone in points of which t ly t% (the points of 
contact of their plans with the plan of the base) are the 
plans. The elevations t\, f 2 of t x and t 2 (obtained by pro- 
jection) determine the indices 46 and 31 of ^ and t 2 
respectively. 

It remains merely to determine two planes, one con- 
taining v 7, i 41 • 4, and t Y 46, and the other containing v 7, 
i 41-4, and t 2 31 (Prob. IV., Chap. IV.). 

The scales of slope of these planes are shewn in the 
figure. 

Note a. The points t x and t t should be determined by one of the construc- 

tions of Plane Geometry. 
Note b. The problem may be solved in another way without using the base 
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of the given cone. If a sphere of any radius is inscribed in the given 
cone, and a second cone with the given external point as vertex is 
determined, also enveloping this sphere; then the required planes 
must touch both cones and can be determined as in Prob. I. of this 
chapter. 

Determine planes to touch a given cylinder and be Problem 
parallel to a given line. III. 

If the given line is parallel to the axis of the given cylinder the Note, 
problem is indeterminate. In all other cases there will be two planes 
fulfilling the required conditions, but if the given line touches the 
cylinder one of the planes must contain it. 

In Fig. 60, PL XVL, a 27, b 5 is the plan of the axis Fig. 60. pi. 
of the given cylinder. On the line a b, taken as a XV1# 
ground line of level 5, an elevation {dUh'g') of the 
cylinder is made. Again, * — 8*5, t 50*3 is the plan of 
the given line, and 8 if is its elevation on a b. 

Now all planes tangent to the cylinder must be parallel 
to its axis ; hence if a plane is determined containing S T 
the given line and parallel to A B the axis of the cylinder, 
the required planes will be parallel to this plane, and 
must therefore cut the plane of the base of the cylinder 
in lines parallel to that in which the plane containing 
S T and parallel to A B cuts it (Euc. XL, 16). Further, 
the lines in which the required planes cut the plane of 
the base must be tangent to the circle of that base 
(Theor. 31, p. 38) ; the plans of these lines will therefore 
be tangents to the elliptic plan of the latter. 

From the point tt on the given line, a line is drawn 
parallel to A B the axis of the cylinder (see Prob. XIII., 
Chap. III.) ; t' i' 2 is the elevation and t i 2 , the plan of this 
line, which cuts the plane of the base of the cylinder in 
i 2 i 2 . The given line (S T) cuts the plane of the base in 
i\ i x . The indices of ii and i 2 (determined from their eleva- 
tions) are 1*5 and 14*7 respectively. Then the line join- 
ing t'i and i 2 is the plan of the intersection of the plane 
containing S T and parallel to A B with the plane of the 
base of the cylinder. Parallel to i x i 2 draw two lines m m, 
n n, touching the elliptic plan of the base of the cylinder 
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in o and e respectively. Then the required planes will 
touch the given cylinder in generatrices whose plans e d 
and e f are drawn from e and e respectively. It remains 
therefore to determine two planes, one of which contains 
the lines c d and m m, and the other the lines e /and n n 
(Prob. IV., Chap. IV.). The index of e (determined from 
its elevation e') is 11*8, and the indices of d and of any 
point on the line mm can be obtained, since ed is 
parallel to b a and m m to i x i 2 (see Prob. II., Chap. IV.). 
The indices of e, of /, and of any point on the line n n 
can be similarly obtained. 

The scale of slope of the plane which touches the given 
cylinder in c d is shewn in the figure ; the other tangent 
plane is not determined. 

Note a. In the construction above explained, the plane of the base (i. e. of 

one end) of the given cylinder has been made use of, and upon this 
plane the traces of the required planes have been determined. The 
construction is, however, applicable to any other plane cutting the 
cylinder : thus the horizontal trace of the given cylinder might have 
been obtained, and the horizontal traces of the required planes thence 
determined. 

Note o. The points c and e, in which the lines mm,nn touch the ellipse, 

should be determined by Plane Geometry. These points may, however, 
be obtained as follows : 

Suppose the circular base of the cylinder to rotate about its hori- 
zontal diameter till its plane is horizontal. " Construct " the points 
t'i t s which lie in that plane (Note d, p. 36). Draw lines parallel to the 
line joining these constructed points and touching the turned-down 
circle of the base. Finally, turn up the points of contact of these 
tangents into the plane of the base again. 

EXAMPLES. 
(Unit 0-1".) 

1. The radius of a sphere is 1 * 5", the index of its centre 30. De- 
termine the scales of slope of planes tangent to this sphere at points 
whose indices are 39 and 20, and whose plans are 1*5" apart. 

2. Determine two planes touching the same sphere and inclined 50° 
and 40°. The horizontals of these planes to make 60° with each 
other. 

3. A sphere, radius 1' 75", rests on the horizontal plane. A line 
whose inclination is 55° passes through its centre. Determine a plane 
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touching the sphere, parallel to the line, and containing a point whose 
index is 10 and whose plan is 2-25" from that of the centre of the 
sphere. 

4. The index of the centre of a sphere is 35, and its radius is 1-5". 
A line whose inclination is 35° passes through a point whose plan 
coincides with that of the centre of the sphere, and whose index is 65. 
Determine planes containing the line and touching the sphere. 

5. Three points whose plans are at the angles of a triangle of 3", 
3* 5", and 4" sides, and indices - 5, 20, 35 are the centres of spheres 
of 1", 1 • 75", and 2" radii respectively. Determine two planes touching 
all three spheres. (Eight such planes are possible.) 

6. The plans of three points (indices 35, 45, 55) are at the angles 
of an equilateral triangle of 2 '75" side. Determine a sphere to contain 
the points and touch the horizontal plane. 

7. A right cone (radius of base 1*5", height 4* 5") lie$ on the 
horizontal plane. The plan of the centre of a sphere of 2" radius is 3" 
from the vertex of the cone. The plan of this sphere touches that of 
the cone, and the index of its centre is 40. Determine planes touching 
sphere and cone. (Four such planes are possible.) 

8. The same cone stands upright on the horizontal plane. A sphere 
of 1*5" radius has its centre on a level with the vertex of the cone, and 
at a distance from it on plan of 3". Determine planes touching sphere 
and cone. .(Four such planes are possible.) 

9. The radius of the base of a right cone is 1 • 5", its height is 4". 
The index of the vertex is 52, and of the centre of the base 30. Draw 
a line through the vertex inclined at 50°, and making 50° on plan 
with the plan of the axis of the cone. Determine the two planes which 
contain the line and touch the cone. 

10. Obtain the scales of slope of all planes tangent to the same cone 
and inclined 45°. (Four planes are possible.) 

11. One extremity of the axis of a right cylinder (radius of base 
1*5", height 4*5") is in the horizontal plane, the index of the other 
extremity is 33. The plan of the centre of a sphere of 1 • 75" radius is 
distant 4" from the plans of the extremities of the axis of the cylinder. 
The index of the centre of this sphere is - 20. Determine two planes 
touching cylinder and sphere. (Four planes are possible.) 

12. Determine two planes touching the same cylinder and inclined 
65°. (Four planes are possible.) 

13. A line inclined 48° touches the same cylinder, its plan makes 
45° with and bisects that of the axis of the cylinder. Determine the 
point of contact of the line and obtain the scale of slope of a plane 
containing it and touching the cylinder. 

14. A spheroid is generated by the rotation of an ellipse about its 
major axis, which is vertical. The axes are 4" and 3", and the solid 
rests on the horizontal plane. Assume a point on the surface whose 
index is 37, and determine a tangent plane at this point. 

15. Through a point (index 60) on the produced axis of the same 

H 2 
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spheroid draw a line inclined 30°. Determine two planes containing 
the line and touching the spheroid. 

16. An " Anchor ring," axis vertical, rests on the horizontal plane. 
The diameter of its tracing circle is 2", and the centre of this tracing 
circle moves on a circle of 2" radius. Through a point (index 50) on 
the produced axis of the ring draw a line inclined 45°. Determine 
planes containing the line and touching the Anchor ring. (Four 
planes are possible.) 
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CHAPTEB IX. 

THE DETERMINATION OF SHADOWS. 

A single orthographic projection of an object is seldom Use of 
sufficient to determine its real form. Two such projeo- s QWU 
tions on planes mutually at right angles, are required, 
and by comparing them a practised eye can form a true 
estimate of the form and relative dimensions of the object 

Suppose, however, that an object of which one projec- 
tion has been obtained, is illuminated by rays of light 
proceeding in some known direction, and that the illumi- 
nated portions of the object and the shadows cast by its 
various parts upon each other and upon the planes of pro- 
jection are determined and distinguished. Then, from the 
form and extent of these shadows,' the eye will far more 
readily recognise the form and relative dimensions of the 
object, even though there is but one view of the latter. 
Similarly, if two orthographic views of an object are 
constructed, each with shadows properly determined and 
distinguished, it will be still more easy to realize the true 
form. 

It will, therefore, be evident that in drawings required 
solely for descriptive purposes, and especially in drawings 
intended for eyes unpractised in reading and comparing 
orthographic views, the aid afforded by correctly deli- 
neated shadows is of great value. 

Outline op Shadows. 

The rays of light are assumed to be all parallel, and if General 
a solid in space is supposed to be illuminated and sur- P nnci P *• 
rounded by these parallel rays, a certain portion of the 
latter will be intercepted. These intercepted rays will 
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form either a prism or a cylindrical surface enveloping 
the solid ; the former, if the solid is contained by planes ; 
the latter, if by a curved surface. If then, this prism or 
cylinder of intercepted rays meets any surface whatever, 
it will trace on that surface the outline of the shadow 
cast by the solid. 

The line of contact of this imaginary prism or cylinder 
with the solid which it envelopes, is the line separating 
the illuminated and unilluminated portions of that solid. 
If, therefore, the solid itself is removed, the line of separa- 
tion (supposed to have a sensible breadth) alone remaining, 
the outline of the shadow cast by the latter on any sur- 
face would be identical with that of the shadow cast by 
the original solid. In the case of a solid contained by 
planes, the line of separation of light and shade is made 
up of those edges of the solid in which illuminated and 
unilluminated faces meet, and can usually be distinguished 
by inspection. In the case of solids contained by curved 
surfaces, this line of separation is more difficult to deter- 
mine. On the cone or cylinder, however, the lines of 
separation will be generatrices, and on the sphere a great 
circle. 

From the above it follows : — 

1st. That the outline of the shadow cast by any plane 
figure (supposed opaque) on a plane parallel to itself is an 
equal figure. 

2nd. That the outline of the shadow cast by any solid 
on any surface whatever must be continuous. 

3rd. That the problem of delineating the outline of 
the shadow cast by any solid on any surface, reduces 
itself in general to the determination of the intersection 
of certain lines or planes with that surface. 

Note a. If it appears uncertain whether of two plane faces of a solid both are 

in light or in shade, or one is in light and the other in shade, draw a 
ray through any point on their intersection, then if this ray passes 
between the two/aces, both are in light or shade ; if otherwise, one is in 
light and the other in shade. 

Not* 6. Throughout this Chapter, as in Engineering Drawings gene- 

rally, the rays of light are supposed parallel. If, however, they are 
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supposed instead to proceed from a fixed point, the form then assumed 
by the intercepted portion of rays is that of a pyramid or conical 
surface. The principles of construction will, however, remain the same. 

Determine the shadow cast by a vertical truncated Problem 
right hexagonal pyramid on the horizontal plane of I# 
projection. 

In Fig. 61, PL XVII., A F is the base of the Fi g .6i,Pi. 

pyramid, and a. . . ./the plan of its top. If then r and r' xvn ' 
are the projections of a ray, the plans of all other rays 
will be parallel to r and their elevations to r' (Theor. 15, 
p. 19). The faces b 0, o D, d E, evidently form the 
unilluminated portion of the solid. Hence, if the inter- 
sections with the horizontal plane (i.e. the horizontal 
traces) of rays passing through the points a, b, e, d, are de- 
termined, the outline of the required shadow is obtained. 
The points ft, y, 8, e, are these horizontal traces. It 
remains therefore merely to join B ft, /3 7, 7 8, 8 6, e E. 

Since the plane of the polygon a . . . . / is horizontal, j8 y is equal Note a. 
and parallel to b c, and so on. 

If the shadow of the complete pyramid had been required, it would Note &, 
have been necessary merely to determine the horizontal trace t of the 
ray through its vertex, and to join t B, t E. 

A truncated right cone stands on the horizontal Problem 
plane of projection. Determine its shadow upon that H- 
plane. 

In Fig. 62, PI. XVII., h is the horizontal trace of the Fig. 62, Pi. 
ray through the vertex v v' of the cone. Then, if q and p xyu ' 
are the points of contact of tangents drawn from h to the 
base of the cone, planes of rays touching the cone will cut 
the horizontal plane in h q and h p, while v q, v' q' and vp, 
if p' will be the projections of their respective lines of 
contact with the cone. Hence qabp is the shaded 
portion of the cone on plan, and p' V is the line separating 
light and shade in elevation. If then a circle, with radius 
equal to that of the circular top of the truncated cone, is 
described having 8 (the horizontal trace of the ray through 
the centre of this circular top) as centre, this circle would 
touch h q and h p, and would complete the outline of the 
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shadow cast by the truncated cone on the horizontal 
plane. 

Note. q h p is the outline of the shadow which would be cast by the entire 

cone. 

Problem A right cone has a horizontal axis inclined d to 
m - the vertical plane. Determine its shadow on the 

horizontal plane. 
Fig. 63, pl If a, ft 7, 8, Fig. 63, PI. XVIL, are the horizontal 
traces of rays passing through the extremities of the 
vertical and horizontal diameters of the circular base of 
the cone, and t is the horizontal trace of the ray through 
the vertex v v' ; then, an ellipse with a ft y 8 as conjugate 
diameters being described, tangents to this ellipse from t 
complete the outline of the shadow cast by the cone on 
the horizontal plane. (See note, p. 40.) 

To determine the lines of separation of light and shade 
on the cone, it is necessary to obtain, as in Prob. II., the 
lines of contact of planes of rays touching the cone. The 
plane of the base of the cone is vertical, and i is the point 
in which the plan of the ray through the vertex v inter- 
sects this plane. Hence i' (obtained by projecting from t 
on to the elevation of the ray through v') is the elevation 
of the intersection of this ray with the plane of the base 
of the cone. Therefore, if from i tangents $ p\ $ j' are 
drawn to the elliptic elevation of the base of the cone, 
these tangents will be the elevations of the intersections 
with the plane of the base of planes of rays touching the 
cone (see Theors. 29, p. 27; and 31, p. 38). Hence lines 
drawn from v' to p' and q' (the points of contact of the 
tangents from i') will be the elevations of the lines of con- 
tact of the planes of rays, and they are therefore the lines 
separating light and shade in elevation. The plans (p and 
q) oip' and q' are obtained by projection, and v p,v q will 
be the lines of separation on plan. 

Note a. The points of contact p' $ q' of the tangents from %' to the elliptic 

elevation of the base of the cone should be determined by one of the 
constructions of Plane Geometry. 
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The lines of separation of light and shade can be obtained in another 
way. If s is the point of contact of the tangent drawn from t to the 
ellipse ay fid, then a ray through 8 will cut the plan of the base of the 
cone in p, and p' can be determined by projection ; q and q' can be 
similarly obtained. 

A right cone (axis vertical) and a sphere rest on the Problem 
horizontal plane. Determine the shadow cast by the IV. 
cone on the sphere ; the shadows cast by both solids 
on the planes of projection; and the shaded portions 
of the solids themselves. 

In Fig. 64, PL XVIIL, the projections of both solids Fig. 64, Pi. 
and of the ray of light are shewn. The required operations * 

are as follows : 

1st. Suppose planes of rays to touch the cone, and 
determine the projections of the lines of contact of these 
planes, their horizontal traces, and the projections of their 
intersections with the sphere. 

2nd. Suppose a cylinder of rays enveloping the sphere, 
and determine the traces of this cylinder and the projec- 
tions of its circle of contact with the sphere. 

The necessary constructions are explained below. 

The shadow cast by the cone on the horizontal plane and the shaded 
portions of the cone are first determined, as in Prob. II. of this Chapter. 
Lines drawn from ht (the horizontal trace of the ray through the 
vertex) to touch the circular base of the cone in a and b determine the 
shadow of the cone on the horizontal plane and the shaded portion 
(a v b) of the cone on plan. The shaded portion of the cone in eleva- 
tion is obtained by drawing lines from v' to a! and &', the elevations 
of a and b respectively. 

A portion of the shadow of the cone does not fall on the horizontal 
plane, but is intercepted by the sphere. This portion will be now 
determined. 

To determine the outline of the shadow cast by the cone on the 
sphere, it is necessary to cut the latter solid by planes of rays touching 
the former. These planes will have h t, a and h t 9 b, for their horizontal 
traces ; they will touch the cone in the generatrices v a, v b ; they will 
be both inclined at an angle a equal to the angle at the base of the 
cone (Theor. 29, p. 27), and they will cut the sphere in circles whose 
projections will be ellipses. If a ground line z z be drawn at right 
angles to ht, b, cutting it in/ and touching the circular plan of the 
sphere, this plan will then become an elevation of the sphere on z z> and 
fe\ making a with z z, will be the vertical trace (on the plane zz) of 
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the plane of rays touching the cone in v b (Theor. 26, p. 26). Thus 
e V is the elevation on zz of the circle in which the plane e'fb cuts 
the sphere, and e e (drawn through c, the plan of the centre of the 
sphere, parallel to zz and terminated by perpendiculars dropped from 
e 7 , e') is the minor axis of the ellipse into which this circle is projected 
on plan. The major axis of this ellipse is equal to e' ef, and bisects ee 
in p (see p. 40). A portion of this ellipse is now drawn and its eleva- 
tion ouxy deduced. By a precisely similar construction the section 
of the sphere by the other plane of rays which touches the cone in v a, 
and has ht y a for its horizontal trace, is determined. The projections 
of this section also are ellipses, and these ellipses must respectively cut 
the two ellipses first obtained in i and i', the projections of a point on 
the ray through the vertex of the cone. This affords a check on the 
previous construction. 

It is now necessary to determine the shaded portion of the sphere 
and the shadow cast by it on the planes of projection. 

The rays intercepted by a sphere form a right cylinder, and the 
outline of the shadow cast by the sphere on the planes of projection is 
that of the section of the cylinder by those planes. This outline is 
therefore made up of two ellipses, one of which is the vertical and the 
other the horizontal trace of the cylinder of intercepted rays. These 
two ellipses must intersect on x y, or the outline of the shadow would 
not be continuous. Further, half the sphere will be in shade, and 
since the great circle which separates the light and dark halves is the 
circle of contact of the cylinder and sphere, its plane is at right angles 
to the direction of the rays, and its projections are both ellipses. 

An elevation of the cylinder of intercepted rays is made on a ground 
line W W taken parallel to the plans of the rays and touching the plan 
of the sphere. (Thus this plan becomes an elevation of the sphere 
on W W.) Draw m" «', m" d touching the plan (now elevation) of the 
sphere, and making with W W an angle j3 equal to the true inclination 
of the rays of light. The construction (Prob. II., Chap. II.) for deter- 
mining j3 is not shewn. Then m" m" s's' is the elevation of the 
cylinder on W W, and c o' parallel to m" sf is the elevation of its axis. 
Thus m" m" is the elevation (on W W) of the circle of contact of the 
cylinder and sphere. Now lines parallel to the rays on plan and 
touching the plan of the sphere in n,n determine the plan of the 
cylinder. Hence n n is the plan of the horizontal diameter of the great 
circle of contact, and is therefore the major axis of the required ellipse. 
By projecting from m", m" the minor axis (m m) is obtained. The 
ellipse is now drawn and the elevation on ay is deduced (see p. 40.) 

It remains to determine the intersection of the cylinder of intercepted 
rays with the planes of the projection. 

The point o (obtained by projecting from o') is the horizontal trace 
of the axis of this cylinder, and is therefore the centre of the ellipse in 
which the latter cuts the horizontal plane. The major axis of this 
ellipse will coincide with the plan of the axis of the cylinder, and « 
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(obtained by projecting from tf) is one of its extremities. The minor 
axis is of course equal to the diameter of the sphere. The ellipse thus 
determined cuts x y in two points, and that portion of it which is 
above x y need not be drawn. The intersection of the cylinder with 
the vertical plane is another ellipse, the axes of which can be deter- 
mined in the same way as those of the last ellipse ; or, since only a 
small portion of the new ellipse is required, points on this portion can 
be obtained by drawing rays through a portion of the circumference of 
the great circle whose projections have been determined, and finding 
their vertical traces. 

In the figure, the outlines of both cast shadows and shaded portions 
are dotted where they would be invisible. The outlines of both 
shadows and shaded portions are not continued beyond the points 
where they cut. Thus the outline of the shadow of the cone on the 
horizontal plane is not continued beyond the point in which it meets 
the outline of the shadow of the sphere, and similarly with respect to 
the shadow cast by the cone on the sphere and the shaded portions of 
the latter solid. 

The above use of the plan of a sphere as its elevation should be Note, 
noticed. The ground lines of the two auxiliary planes z z and W W 
could have been assumed in any position, provided that the former was 
at right angles to h t, b, and the latter parallel to the plans of the rays; 
but by taking these ground lines touching the plan of the sphere, the 
latter can be used as its own elevation, and a saving of construction is 
therefore effected. 



Conventional Direction op the Bays. 

In the preceding problems the direction of the rays 
has been assumed at pleasure, and differs in each case. It 
is, however, evidently important that in Engineering 
Drawings some convention should be adopted, so that 
the rays of light may have a known and invariable 
direction. 

This conventional direction of the rays is taken to 
be parallel to one of the diagonals of a cube standing on 
the horizontal plane, and having one face parallel to the 
vertical plane. Thus, in Fig. 65, PI. XIX., a b is the Fig. 65, Pi. 
plan, and a' V the elevation, of one of the diagonals of a XIX ' 
cube, and it is to this diagonal that the conventional rays 
of light are supposed parallel. The projections of the 
latter will therefore invariably make 45° with the ground 



XIX. 
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line. The real inclination of these rays, the construction 
for determining which is shewn in the figure, is 35° 16' 
very nearly. 

Note a. In the case of an object lying on the plane of the paper, the rays 

may, roughly speaking, be said to come over the left shoulder. 

Note b, French draughtsmen usually assume the rays to be parallel to the 

other diagonal of the cube. 

Two problems are added, in both of which the rays of 
light are assumed to have the conventional direction 
above explained. 

Problem Determine on plan the shadow cast into the concave 

v - surface of a hemisphere resting on the horizontal plane, 

and also the shaded part of its section by a vertical 

plane passing through, the centre and parallel to the 

ground line. 

Fig^66,Pi. In Fig. 66, PI. XIX., m and n, the points in which the 
plans of rays touch the plan of the hemisphere, are 
evidently the commencing points of the required curve, 
since it is at these points that the hemispherical surface 
begins to be illumined. Further, the outline of the 
shadow required is traced by the intersections with the 
hemisphere of all rays passing through the semicircular 
edge msn. Make a section of the hemisphere on 8 p the 
diameter parallel to the plans of the rays. This section 
is constructed on z z parallel to 8 p. Then since the rays 
of light are parallel to the section plane, their elevations 
will make with z z an angle equal to their real inclina- 
tion (Theor. 14, p. 19). Now a line from s' (the elevation 
of s), making 35° 16' with z z, cuts the semicircular section 
of the hemisphere in (. Hence t, obtained by projecting 
from t , is the plan of the point in which a ray through 8 
strikes the hemispherical surface, and js therefore a point 
on the outline of the required shadow. 

Similarly, the semicircle a 1 ff d! is the common elevation 
on z z of imaginary sections of the hemisphere on a b and 
o d, parallel to 8 p. From a', the common elevation of a 
and c, draw a! $ parallel to s' t, then by projection ft and 
7 are the plans of the intersections with the hemisphere 
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of rays through a and c, and are therefore points on the 
outline of the required shadow. By taking more imagi- 
nary sections on lines parallel to 8 p, and proceeding in 
the same way, any number of points on the required 
curve are obtained. 

The angle if J o' = the angle ff of o'; but the angle if J d = half Note, 
the angle if o' p\ and £' a' o' = half ff o' d! (Euc. III., 20). Hence 
the angle if o' p' = the angle j8' o' p 1 ; or, in other words, the point ff 
is on the radius if o'. Similarly, the elevation of any other point on the 
outline of the shadow cast into the hemisphere can be proved to lie on 
if o'. Hence the real outline of this shadow is a plane curve, and all 
plane curves lying on a spherical surface are circles. Therefore, the 
curve m £ t y n is an ellipse whose semi-axes are m o and o t. Hence 
the points m, n, and t being obtained, the required outline of the 
shadow can be drawn at once. 

It remains to determine the shaded part of the section 
of the hemisphere by a plane through o parallel to x y. 
This section (the semicircle a" d") is shewn in Fig. 66, and 
is constructed on x y. 

Draw the elevation of a ray touching the semicircular 
outline of the section of the hemisphere in e\ and deter- 
mine e the plan of e\ and m" the elevation of m. Then 
the portion of the outline of the section which casts the 
required shadow is a" m", a m on the horizontal, and a" e\ 
a e on the vertical great circle. Determine ff' the eleva- 
tion of /3 on z y ; then )8" is a cusp on the required outline 
of the shadow. Further, the portion of outline of this 
shadow between y8" and m" is obviously the elevation of the 
portion mftof the previously determined ellipse mtn\ this 
portion can therefore be obtained. To find points on the 
remaining portion of the outline between )8" and e', take a 
section of the hemisphere through q (any point between a 
and e).bj a vertical plane parallel to the plans of the rays. 
The elevation of this section on z z is the semicircle h' /, 
and since c[ on this semicircle is the elevation of y, the 
line q' i' parallel to the real direction of the rays, and 
cutting the semicircle, determines ♦' the elevation of a 
point in which a ray through q cuts the hemispherical 
surface, By projection, * the plan of t" is obtained, and *", 
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the elevation of i on x y, is a point on the required outline 
of the shadow between yS" and e'. Similarly other points 
on the outline of this portion of the shadow can be 
obtained. 

Note. The true inclination of the rays, which has been made use of in this 

problem, should be obtained by construction, as in Fig. 65. 

Problem A cylindrical bolt having a cylindrical head stands 
VI. on the horizontal plane, the axis being vertical 

Determine the shadow cast on the shank by the 

projecting head. 

Fi?. 67, Pi. An elevation and half plan of the bolt are shewn in 
XIX - Fig. 67, PL XIX. Then the plans of rays touch the plans 

of the head and shank in b and a respectively ; generatrices 
at these points will, therefore, be the bounding lines of 
the unilluminated portions. Now it is the lower edge c' £ 
of the head which casts a shadow, hence it is necessary* to 
draw rays through this edge and determine their inter- 
sections with the shank of the bolt. Thus//', h h' are the 
projections of two points on the lower edge of the head. 
Through / and h draw the plans, and through /' and h' 
draw the elevations of rays. The former cut the plan of 
the bolt in 1 and 2 respectively ; hence 1', 2' (the eleva- 
tions of 1 and 2 obtained by projection) are points on the 
required outline of the shadow. Similarly, other points 
can be determined. 

Note a. The commencing point of the visible outline of the shadow will 

evidently be the point 3' obtained by the intersection with the bolt of 
the ray e 3, ef 3', which passes through the bounding generatrix 3 V of 
the shank. 

Note 6. The curve 3', 1', 2', &c, need not be drawn beyond the point where 

it meets the outline of the unilluminated portion of the bolt. The 
outline of the invisible portion of the shadow is not shewn. 

Shaded Portions of Solids op Revolution. 

The outline of the shaded portion of a solid of revolu- 
tion can always be determined in the following way : 

Suppose the solid to be cut by a series of planes passing 
through its axis, obtain the projection of the ray on each 
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of these planes, and in each plane draw a line tangent 
to the section of the solid and parallel to the projection 
of the ray on that plane. Then the points of contact of 
these tangents are points on the required outline of the 
unilluminated portion. 

Thus, in the case of an annulus generated by a circle, 
and having a vertical axis (e. g. the " torus " round the 
capital of a column), any plane zz passing through the 
axis will be vertical, and will cut the solid in circles 
whose plans are straight lines. Then the elevation (r") 
of the ray on the plane z z being first determined, the 
section of the annulus by that plane is rotated about the 
axis of the solid into a vertical plane parallel to xy. The 
elevation of this section will then be a circle, coinciding 
with the outline of the elevation of the annulus. Tangents 
to this circle, making with x y the same angle that r" 
makes with zz, must now be drawn, and the points of 
contact of these tangents must be rotated back into the 
original position of the section plane, thus determining 
points on the plan of the outline of the unilluminated 
portion of the solid. The elevations of the points thus 
obtained can be readily deduced. By making use of 
several section planes in the way above indicated, other 
points on the required outline can be determined. 

If tangents are drawn to the plan of any solid of revolution parallel Note, 
to the plans of the rays, the points of contact of those tangents will be 
the extremities of the visible outline of the dark portion of this view of 
the solid, and similarly with respect to the elevation of the solid and 
of the rays. 

EXAMPLES. 

(N.8. In the following examples the rays of light are supposed 
conventional, unless otherwise specified.) 

1. The vertex of an inverted right hexagonal pyramid (height 4", 
side of base 1* 25") is in the horizontal plane. One edge is in the 
vertical plane, and the axis is vertical. Determine the dark portion of 
the pyramid and the shadow cast on both planes of projection. 

2. A pentagonal right prism (side of base 1*5", height 4") has one 
edge of its base in the horizontal plane ; the corresponding edge of its 
opposite end is in the vertical plane, and the axis is inclined at 50°. 



112 PRACTICAL GEOMETRY. 

Determine the dark portion and the shadow cast on both planes of pro- 
jection. (The rays are inclined at 40°, and their plans make 45 with 
the plan of the axis of the prism.) 

3. An octahedron (2 *5" edge) has its lowest face parallel to, and 1" 
above the horizontal plane. The centre of this face is 2" from the 
vertical plane, and one of its edges makes 30° with that plane. 
Determine the shadow cast on the planes of projection. 

4. An inverted right cone (height 3* 5", radius of base 1»25") has 
its vertex in the horizontal plane, and axis vertical. The base touches 
the vertical plane. Determine the dark portion in plan and elevation, 
and the shadow cast on the plane of projection. 

5. A hollow inverted right cone (radius of base 1*5", height 2*75") 
has its axis vertical. It is truncated at a distance of ' 75" from the 
vertex by a plane parallel to its base. Determine the shadow cast on 
its interior surface. 

6. The centre of a sphere of 1*25" radius is 1'5" and 2" from the 
horizontal and vertical planes respectively. Determine its shaded 
portion in plan and elevation, and the shadow cast on both planes of 
projection. 

7. Determine the shadow of the same sphere on a plane inclined 40°, 
and having a horizontal trace touching the plan of the sphere, and 
making 45° with x y. 

8. An ellipse (axes 3" and 2") generates a spheroid by rotation about 
its major axis, which is vertical. Determine the dark portions of its 
projections and the shadow cast on the horizontal plane. 

9. A vertical cylindrical bolt (diameter 2") has a hexagonal head 
(side 1 ' 5"). Determine the shadow cast by the head on the shank. 

10. An annulus is generated by a circla of 2" diameter whose centre 
moves in a circle of 3" diameter. The axis of the annulus is vertical. 
Determine its shaded portion in plan and elevation, and the shadow 
cast on the horizontal plane. 

11. A square-threaded screw (diameter 3", pitch 1") stands vertical. 
Determine the shaded portion of its elevation. 

12. Determine the shaded portion of the section of the corresponding 
female screw by a vertical plane through the axis. 

13. Determine the shaded portion in elevation of a vertical V-thread 
screw, diameter 3", pitch 1", angle of thread 55°. 

Note. In the following examples it is intended that the data as to dimen- 

sions of the solids and direction of the ray should be assumed by the 
student or indicated by the instructor. The shadows cast on both the 
planes of projection should be determined in each case. 

14. Determine the shadow cast by a vertical cone on a horizontal 
cylinder. 

15. Two equal intersecting right octagonal prisms each have one 
edge of the base in the horizontal plane, the axes bisecting each other 
at right angles. Determine the shadow cast by one prism on the 
other, and by the compound solid on the horizontal plane. 
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16. Determine the shadow of a vertical pyramid on a vertical 
prism. 

17. Determine the shadow of a vertical cone on a vertical prism. 
38. Determine the shadow of a sphere on a vertical cone. 

19. Determine the shadow of a sphere on a vertical cylinder. 

20. Determine the shadow of a sphere on a horizontal prism. 

21. Determine the shadow of a vertical cone on an anchor ring 
resting on the horizontal plane. 

22. Determine the shaded portion of the vertical section of a 
vertical cylinder with a piston fitting into it. (The piston to be in 
elevation.) 

23. Determine the shaded portion of a horizontal section of a 
cylindrical boiler with hemispherical ends. 
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CHAPTER X. 



Shade- 
lines. 



Rulel. 



Note. 



Rule 2. 



SHADE-LINES AND SHADING. 

Shade-lines. 

Shade-lines are now very extensively employed in 
Engineering Drawings. When properly placed they 
render a single view of an object more intelligible by 
giving the appearance of relief to its parts. 

In shade-lining a drawing the following rules should be 
strictly observed : 

Shade-lines denote the intersection of two surfaces, one 
of which is illuminated, the other in shade, and the latter 
invisible. Shade-lines should therefore never be placed at 
the junction of two surfaces, both of which are visible up 
to their line of intersection. 

If .the visible surface has a curved outline, the shade-line would begin 
at the points at which the projection of the ray touches this outline, and 
its full strength should be gradually gained, starting at those points. 

Shade-lines should never be drawn to indicate the 
outline or " contour " of a curved surface. 



Note. 



Thus the elevation of a vertical right cylinder would he a rectangle, 
and the only shade-line in this elevation would be the line representing 
the base of the cylinder. On the other hand, the elevation of a 
vertical square prism, with one face parallel to the vertical plane, would 
be a rectangle also, but one of the sides as well as the base would be a 
shade-line. 



Rule 3. In shade-lining a drawing, the rays of light are supposed 
to take the conventional direction explained in page 107. 
Thus, if a plan and one elevation of an object are to be 
shade-lined, the rays in the former will come from the 
lefirhcmd bottom corner of the paper, and in the latter from 
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the left-hand top corner, making 45° with the edges of the 
paper in each case. The direction of the rays in the 
case of other elevations will be understood by referring to F . 
Fig. 68, PI. XIX. In this figure, the plan of a cube resting xix. ' # 
on the horizontal plane is shewn, and also the elevations 
of its four vertical faces. Then in the elevation of the — 
Front face, ao, that drawn on xy; the ray proceeds 

from the left top corner. 
Left-side face, a d, that drawn on 22 ; the ray proceeds 

from the right top corner. 
Bight-sideface, b c, that drawn on 44 ; the ray proceeds 

from the left top corner. 
Bear face, d b, that drawn on 33 ; the ray proceeds 
from the right top corner. 

The above directions of the rays are of course those which would be Note a. 
apparent to a spectator facing the respective planes on which the 
elevations are made. 

The four elevations might have been all constructed on x y, but the Note 6. 
direction of the ray with respect to each elevation would be unaltered. 

In the figure, each of the four vertical faces of the cube is distin- Note c. 
guished by a projection or a recess. Thus the face a c has a circular 
recess, a d a square recess, b c a square projection, and d b a circular 
projection. These projections and recesses are correctly shade-lined in 
their respective elevations. 

It is better never to use shade-lines to a drawing Side 4. 
on which cast shadows or shading are employed. 

Always place shade-lines so that their thickness is out- Rule 5. 
side the outline of the object. 

Shade-lines to sections follow the above rules, the Shade- 
direction of the ray in any particular section depending J^} ^ 
upon the position of the cutting plane. 

In Fig. 69, PI. XIX., a side elevation of the end Fig. 69, Pi. 
f joint of the lower boom of a girder bridge is given, shewing 

the two cast-iron saddles by means of which an articulated 
bearing is secured, and also the rollers supporting the 
lower saddle and provided for the expansion and contraction 
of the girder. This figure well exemplifies the value of 
shade-lines, and should be carefully studied. 

i 2 



i 
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Note. 



It will be noticed that shade-lines are shewn half round the rivet- 
heads, which would strictly indicate that the latter were of cylindrical 
instead of spherical form. This treatment of rivets is, however, a 
recognised convention, and one from which no mistake would be likely 
to arise. 



Bule 1. 



Rule 2. 



Bule 3. 



Side 4. 



Note. 



Shading. 

Shading is employed to render the true form of an 
object intelligible in a single view. Thus, a vertical 
cylinder in elevation requires a plan in order that its 
true form may be recognised, while a shaded elevation of 
the same cylinder explains itself. 

Shading in Engineering Drawings is but little used, on 
account of the time and labour it requires : a knowledge 
of its rules is, however, very desirable, since a few properly 
disposed shades can frequently be made to add consider- 
ably to the clearness and general effect of the view of an 
object. 

The following rules should be strictly observed : — 

Illuminated plane surfaces parallel to the plane of projec- 
tion receive flat tints. The nearer the surface is to the 
eye, the lighter such tints should be. 

Illuminated plane surfaces inclined to the plane of pro- 
jection receive graduated tints, becoming darker as such 
surfaces recede from the eye. Of two such surfaces un- 
equally inclined, that which receives the rays most 
directly is lightest. 

Unilluminated plane surf aces parallel to the plane of pro- 
jection receive flat tints. The nearer the surface is to the 
eye, the darker such tints should be. 

Unilluminated plane surfaces inclined to the plane of 
projection receive graduated tints, becoming lighter as 
the surface recedes from the eye. 

The tint of the darkest portion of an illuminated surface should be 
approximately equal in depth to that of the lightest portion of an 
unilluminated surface. 

For shading, two brushes (which may conveniently be 
placed at opposite ends of the same holder) are required, 
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one for laying on the tint, the other for softening off its 
edges with clean water. The two brushes should be of 
good size, and blotting paper should be at hand for 
emptying either at pleasure. The shading tints should 
be laid on in narrow strips, beginning always with the 
darkest portions of the object. Before the edges of these 
strips have time to dry, they should be softened off with 
the clean brush, which should be only just moistened for 
the purpose. When the first strip is quite dry, the next 
should be laid over and beyond it, and softened off in the 
same way. It is better not to try to attain the required 
depth of shade too quickly. The greater the number of 
tints, the softer the general appearance, and the more 
delicate the gradation will be. 

Shading by strips alone, without softening off, is some- Shading by 
times practised, especially by French draughtsmen. Bold stnps * 
and striking effects are obtained by this method. 

In Figs. 70 and 71, PI. XIX., the elevations of two Figs. 70, 
equal vertical hexagonal prisms are shewn, and shaded xix? 1 
respectively by strips and by softened washes. 

Curved surfaces are shaded in accordance with the Curved 
above rules ; they require, however, some further explana- surface8 * 
tion. In Fig. 72, PI. XIX., the elevation and half plan Fig. 72, Pi. 
of a vertical right cylinder is shewn. A line parallel to X1X# 
the plans of the rays touches the plan of the base of the 
cylinder in d, hence the portion of the cylinder from 
a a' to d'd' in elevation is illuminated, the remaining 
portion (d'd' to ee') being in shade. Now the light 
falls on this cylinder most directly at the generatrix 
7, 7 X ; this should therefore (Eule 2) be the lightest 
portion. But from T I to 0' 0! succeeding generatrices 
approach the eye, the surface about these generatrices 
ought, therefore, to be continually lighter (Eule 2). In 
order to comply with both the above considerations, 
bisect the angle Id by o'r, and make the portion 
I V v* n 1 the lightest portion in elevation. This portion 
need, in fact, receive no shading tint, and may remain 
white. Again, the darkest portion of the cylinder is 
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XIX. 



evidently about the generatrix d' d'. Thus, from / r' to 
d d' the shade will increase in depth, and from d! d! to e e' 
it will diminish. 
Figs. 72 The cylinders shewn in Pigs. 72 and 73 are shaded in 

^ r 73 » pl - accordance with the above considerations ; the former by 
strips, the latter by softened washes. 

The cylinder has been selected as an example of shad- 
ing on account of its very frequent recurrence in machine 
drawing. Other curved surfaces, as the cone and sphere, 
require merely the intelligent application of the principles 
above laid down. 

Cast shadows, i. e. shadows cast by one portion of an 
object upon another, are treated according to Rules 3 
and 4 ; their darkest portions are those on which the rays, 
if not intercepted, would fall most directly. 

In Topographical Drawing shading is employed inde- 
pendently of any supposed condition with regard to the 
rays of light. In such drawings a shading tint merely 
signifies inclination to the plane of projection. The greater 
this inclination, the darker the shade is made. It is on 
this principle that shaded plans of hill districts are tinted. 



Cast 
shadows. 



Topo- 
graphical 
Drawing. 
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CHAPTEB XL 

ISOMETRIC PROJECTION. 

Isometric Projection is seldom used in Engineering 
Drawings. It is, however, sometimes valuable in explain- 
ing small complicated details, and a knowledge of its prin- 
ciples affords some aid in making rough explanatory 
sketches. 

If three straight lines, meeting in a point and mutually Theorem 
at right angles, are equally inclined to the horizontal 
plane, their plans will make equal angles with each other; 
three equal segments of the original lines will be 
represented in plan by three lengths equal to each other ; 
and generally, any distances set off anywhere on the three 
original lines, or on any lines parallel to them, will have 
lengths in plan bearing always a fixed relation to the 
respective original distances. 

For example, imagine a cube resting with one angular 
point on the horizontal plane, the diagonal through that 
point being vertical Then the three edges of the cube 
meeting in either extremity of the vertical diagonal are 
equally inclined to the horizontal plane ; and the planes 
of the three faces bounded by these edges also make equal 
angles with the horizontal plane. Hence, the plans of 
these three edges will be three lines making 120° with 
each other, and the outline of the complete projection of 
the cube will be a hexagon. This bounding hexagon, 
together with the plans of the edges which meet in 
the extremities of the vertical diagonal, constitutes the 
" isometric projection," or " isometric view," of the cube. 

It will be evident, therefore, that isometric projection 
is simply the orthographic projection of an object specially 
situated with respect to the planes of projection, this 
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special position being such that all lines parallel to the 
length, breadth, or height of the object make equal 
angles with the horizontal plane. 

The three imaginary lines parallel to which in an iso- 
metric view the length, breadth, and height of the 
various portions of an object are taken, are called 
isometric " isometric axes," and any lines parallel to these axes are 
axes# m termed " isometric lines." The isometric axes, therefore, 
lines? " C always make 120° with each other, while all right angles 
contained by isometric lines are represented by angles of 
either 60° or 120°. 
Fig. 74, Pi. In Fig. 74, PI. XX., the three lines ox, oy,oz, meeting 
in o and making 120° with each other, are the isometric 
axes ; equal lengths, oa, ob, oc are set off on each, and 
from a, b 9 and c, lines are drawn parallel to the other two 
axes, determining the points d, e, and / The resulting 
figure a dbeof is evidently a hexagon, and is the isometric 
projection of the cube before referred to. It will be re- 
cognised as the orthographic plan of a cube, one diagonal 
of which is vertical* Thus ao,bo,co 3 are the plans of the 
three edges meeting in the upper extremity of this dia- 
gonal, while do, eo, fo would be the plans of the three 
invisible edges meeting in its lower extremity. 

Thus, by the simplest possible construction, a projection 
of the cube is obtained, in which three faces (adbo y beeo, 
Advantage cfdo) are visible. This then is the advantage of iso- 
projection. metric projection : it affords a perfectly simple method of 
obtaining an oblique view of an object in such a position 
that several faces are simultaneously presented to the eye. 
Thus an isometric view can be made to do duty for a plan 
and two orthographic elevations of an object. At the 
same time it is evident that isometric projection is only 
adapted to objects in which all or most of the principal 
lines are mutually at right angles. 
Fig. 74, PL In the figure, the points a and b being equally distant 
from the horizontal plane, the diagonal a b is horizontal. 
Hence a b is the length of the real diagonal of a face of 
i the cube. If a square is constructed on a J as diagonal, its 
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side will be equal to the real length of the edge of the 
cube ; a D b is half this square, and if r is the middle 
point of the diagonal a b, then : — 

ar = ad cos. Z d a r = a D cos. Z D a r ; 

but Z dar = 30°, and Z Da r = 45°. 

/ 3 1 

Therefore, ad. ^- = aD — ; or 

ad:aD = -v/2 : v/3. 

This, then, is the invariable relation between the iso- 
metric projections and true lengths of lines. 

The inclination of the isometric axes is cos. y/ % = 35°. isometric 
Thus a scale may be constructed for isometric drawings, scale * 
the divisions of which bear to those of the true scale of 
the drawing the ratio y/2 : ^/3, and a scale so constructed 
will give the length to be set off on any isometric line to 
represent any given real dimension. In practice, however, 
an isometric scale is never used, dimensions taken off the 
true seals being set off along the isometric lines. Pro- 
vided that this is remembered, no mistake can arise 
from representing lines isometrically longer than they 
really should be, since all lines are increased in the same 
ratio. 

In Fig. 74, an elevation of the isometrically situated Fig. 74, PL 
cube is drawn on a vertical plane gg parallel to four of its xx * 
edges, and perpendicular to two of its faces. The lowest 
extremity of the vertical diagonal is supposed to be in the 
horizontal plane. 

* 

On the face c ojb e of the isometric cube (Fig. 74, PL XX.) a square Note, 
block is shewn projecting from, and symmetrically situated with respect 
to that face. The height st of this block has been made equal to one 
third of the edge of the cube. Similarly on the face/ coo of the 
same cube a square recess is shewn, having a depth equal to one fourth 
of the edge of the cube. 
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Isometric The isometric projection of a circle will of course be an ellipse (see 

projection p m 40^ an( j the latter can always be obtained by determining the 
of circles, isometric projections of any two diameters of the original circle which 
are at right angles to each other, and constructing the ellipse on these 
lines as conjugate diameters. If, however, the isometric projection of a 
small arc of a circle only is required, it will be simpler to draw the 
chord and a few ordinates of the arc, and then place the chord and 
ordinates in isometric projection. In Fig. 74, PL XX., the lines pp, 
q q, parallel to x and y respectively, are the isometric projections of 
two diameters at right angles to each other of the circle inscribed in 
face oadb of. the cube ; an ellipse described with p p and q q as 
conjugate diameters will therefore be the isometric projection of that 
circle. 

Again, m m is the diameter of the circle described in the square 
a D b f and is therefore the plan of the horizontal diameter of the circle 
described in the fece oadb of the cube. Hence m m is the major axfy 
of the elliptic plan of this circle (Note, p. 40). The minor axis n n> of 
this elliptic plan can be obtained by making n' n! in elevation equal to 
m m and projecting. But m m is equal to the real edge of the cube, 
and — 

mm mr ra Jo 

This, therefore, is the ratio between the axes of an isometric ellipse. 

Fig. 75, Pi. Fig. 75, PL XX., shews an isometric view of the top or 
xx ' capital of one of the columns supporting the roof of a 

railway station. Two cast-iron facia girders serve to con- 
nect the tops of adjacent columns, and are bolted right 
through those tops, as shewn. The top of the column has 
a hollow projecting bracket, which supports a cast-iron 
bowl (not shewn in the figure) ; the gutters (also of cast- 
iron) hook into this bowl, and discharge their rain-water 
into it. The latter passes down through the bowl and the 
hollow bracket into the interior of the column, finally 
entering a drain laid parallel to the line of columns. On 
the back portion of the top of the column rests a cast- 
iron bed-plate, and this bed-plate and the wrought-iron 
brackets, to which the extremity of the yiron principal 
rafter is riveted, are bolted down on to the top of the 
column by two i" bolts. The holes for these bolts are 
shewn in the figure,, but the cast-iron bed-plate has been 
removed. 
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The drawing of this isometric view presents no difficulty, 
but requires care, on account of the many different planes 
which contain the various surfaces. 

The curves with which the lower flanges terminate are 
obtained from their elevations by ordinates. 

The scale shewn is the true scale of the drawing, and 
has been used for the isometric view. 
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CHAPTER XII. 

PERSPECTIVE. 

It is evident that the methods of orthographic and iso- 
metric projection do not represent objects as they really 
appear. The further an object is from the eye, the 
smaller it seems to be, but in orthographic projections 
the distance does not affect the question. If an elevation 
of a house on any plane is drawn, then the elevation on 
all parallel planes will be precisely the same, whatever 
distance the latter may be from the position in which 
the house is supposed to stand. 

If, however, a pane of glass were placed between the 
eye and any object, and all the lines of the latter were 
traced out on the glass exactly in the positions in which 
they appear to the eye, then a view js obtained termed 
a " perspective " from the idea of " looking through " a 
transparent plane. 

It is clear that the eye, the plane, and the object must 
occupy fixed positions with respect to each other. That 
is to say, that while the operation of tracing out the out- 
line of the object on the glass is being performed, neither 
the eye, plane, or object must move relatively to each 
other, or the picture would be hopelessly confused. For 
example, if during the operation the glass were moved 
nearer to the eye, the picture traced on it would become 
smaller, and the two portions traced at the two different 
positions would not fit. It is also evident that only one 
eye must be supposed to be used during the process, 
otherwise each eye would have its own perspective, and 
the two views, unless the object were very distant, would 
interlace and confuse each other. The eye must in fact 
be considered as a point. 
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This is easily tested. Place a dot on a window pane. Shut the Note, 
right eye, and with the left get the dot in line with some point outside 
the window. Now, without moving the head, shut the left eye and open 
the right. Unless the point selected is comparatively distant, it will be 
seen that the dot no longer appears in line with it. If the outside point 
is distant the displacement still takes place, but is so small as not to 
be apparent. 

If a transparent plane is placed between the eye and Definition 
any object, and on it the outlines of all portions of the «V Perspec . 
object are traced exactly as they appear to the eye, then tive." 
the view traced on the transparent plane is called the 
" perspective projection," or simply the " perspective " of 
the object, and all methods of obtaining that view are 
summed up under the general term " Perspective." The 
above can be stated in a more geometrical way as follows. 
If from every point of an object lines are drawn, all of which 
converge in a fixed point— the eye — these lines cutting 
any plane interposed between the eye and the object will 
trace out a figure termed the " perspective " of the object. 

The lines converging in the eye may be regarded as Definition 
rays of light issuing from the object, and are called 2" Visual 
" visual rays." rays." 

The interposed plane is called the " picture plane," or £ efinition 

" picture." "Picture 

The fixed point, or the eye, is called the "station Plane " 
point." £ efinition 

It is evident that the perspective of an object cannot be " station 
obtained unless the relative positions of the eye, the plane, D °^ ." 
and the object are known ; and this can best be effected 4. 
by referring them, as in orthographic projection, to an p 1 Grou ,, Ild 
imaginary horizontal plane termed the " ground plane." 

The picture plane is, in all practical perspective draw- Definition 
ing, taken as vertical, and the line in which the picture « G r0U nd 
plane cuts the ground plane — the horizontal trace of the Line -" 
picture plane (see p. 25) — is called the " ground line," 

The above definitions are illustrated in Fig. 76. 

It follows from these definitions that ; — (1) the perspec- 
tive of a point is always a point : (2) the perspective of a 
straight line is always a straight line, except in the case in 
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which it passes through the station point, when it becomes 
a point : (3) the perspective of a plane figure is always a 
plane figure, with the same number of sides, except in one 
case. If the plane of the figure passes through the station 
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point, its perspective becomes a straight line. (4) The 
perspective of a plane curve is always a curve, except when 
the plane containing it passes through the station point, 
in which case the perspective becomes a straight line. 

Perspective by Simple Orthographic Projection. 

Perspective of a Tetrahedron.— The operation involved 
in perspective is really that of determining the intersec- 
tion of a number of convergent lines with a plane. This 
operation can be performed by the ordinary methods of or- 
thographic projection as follows: abed, a'b'o'd' (Fig. 77) 
are the projections of a tetrahedron, s a' those of the station 
point. It is required to obtain the perspective of the tetra- 
hedron on a picture plane of which x y is the ground line. 
Draw s a, s 6, s e, 8 d. These lines, cutting x y in 1, 2, 3, 4, will 
he the plans of visual rays proceeding from 8 to the angles 
of the solid, and the points 1, 2, 3, 4, will be the plans of the 
required perspectives of A, B, C, D. It is only necessary 
to obtain the heights of these perspectives above % y. 
Take a new ground line sz anywhere at right angles to 
x y, and make a new elevation a" b" e" d", of the given solid 
on it. Similarly, obtain s" the elevation of 8 on zz 
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and draw a" a", a" i", s" o", s" d", which will be the eleva- 
tions on z z of the four visual rays. Then the points 1', 2 , 
3', 4', in which these elevations cut xy produced, evidently 




give the heights of the perspectives required. To construct 
the perspective it will be more convenient to transfer the 
ground line x y to g h to avoid confusing the plan. Transfer 




2 4,1 3 

the points 2, 4, 1, 3, with a slip of paper to g h (Fig. 77a), 
and erect a perpendicular from each. Then set off on 
the perpendiculars the respective heights of 1', 2', 3', 4' 
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Use of 

Vanishing 

Points. 



General 
Principles. 



Definition 
6. 

'* Vanish- 
ing Point." 

Fig. 78. 



above zz, and the figure A B C D is obtained, which is the 
perspective of the tetrahedron under the given conditions. 

The student is recommended to practise several similar 
cases, choosing positions for the picture plane and sta- 
tion point. Figs. 39 and 40, PL IX ; 45, PL XI ; 47, 
PL XII., will serve for the purpose, and can be traced 
or pricked off. 

The above method would prove in many cases too tedious. 
In drawing the perspective of a house, for example, the 
number of lines would become very great and the figure 
would be liable to be confused. If, however, it were 
required to obtain the perspective of a geometrical figure 
given by its projections, as in the cases above referred 
to, this method would probably prove the best. Practical 
perspective has to deal almost exclusively with archi- 
tectural subjects, and in their case a different mode of 
procedure must be adopted. 

Perspective by Vanishing Points. 

It will be noticed that in the method above adopted 
the perspective of a line is obtained by determining 
the perspectives of two points on it. In fact the whole 
picture has to be built up point by point, and it is this 
which makes the process usually too tedious for practice. 

The following principles and definitions, which are 
peculiar to perspective proper, and do not enter: into the 
operations of orthographic projection, should be thoroughly 
mastered. 

If any system of parallel lines running away from the 
eye be studied, as for instance in looking along a straight 
length of railway line, it will be seen that all the lines seem 
to converge towards a point. This is necessarily the case, 
since the distance apart of the lines must seem less and 
less as the lines themselves recede from the eye. 

The point in which any system of parallel lines appears 
to converge is termed the "vanishing point" of that 
system. 

Let xy> Fig. 78, be the ground line of the picture 
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plane, ab any line lying in the ground plane, s the 
station point, also in the ground plane. Take any point 
p on ab, and join sp, cutting xy in v. Then v is the 
perspective of p. Suppose p to move along a b to p\ 
Join sp', cutting x y in t/. Then v' is the perspective of p\ 
lip is now supposed to move further along a b, its perspec- 
tive will move to the right along x y, and finally if p moves 
to an infinite distance along a b, then the line sp will be- 
come parallel to a b. Draw s V parallel to a b, cutting * y in 
V. Then V will be the perspective of a point on a b at an 

Fig. 78. 




infinite distance irom s. But if any other lines c d, ef f be 
drawn parallel to a b, precisely the same reasoning can be 
applied to them, and it can be argued that the perspec- 
tive of a point on either of them at an infinite distance 
from 8 is V. Thus we may say that V is the vanishing 
point of a b and of all lines in the ground plane parallel 
to it. But similar reasoning will apply to any system 
of parallel lines whatever. Hence, generally, the vanishing 
point of any line or system of parallel lines is found 
by drawing a visual ray parallel to the line (or lines) to 
cut the picture plane. 

Several important deductions may be drawn from 
the above. 

K 



130 



PRACTICAL GEOMETRY. 



Lines parallel to the picture plane have no vanishing 
point, and their perspectives are parallel lines. In other 
words, their vanishing point is at an infinite distance. Thus 
the vertical lines of an object are represented by vertical 
lines in its perspective, since the picture plane is usually 
taken as vertical. If the picture plane were inclined 
forwards, vertical lines would have a vanishing point 
below the level of the station point ; if backwards, above. 
Thus it is that in some photographs a convergence of the 
vertical lines of an architectural subject may be noticed. 
The sensitive plate was not vertical when the picture was 
taken, and the latter is therefore a perspective on an 
inclined plane. 
Definitions The vanishing point of all lines perpendicular to the 
« P 8 '. • picture plane is the foot of the perpendicular dropped from 
visudray!" the station point on that plane. This perpendicular is called 
• P ht n "° f ^ e " principal visual ray," and its foot the "point of 
sight " (Fig. 76). The point of sight is thus the vanishing 
point of all lines perpendicular to the picture, and is that 
point on the picture which is exactly opposite the eye, or 
at which the eye is supposed to look fixedly. The hori- 
zontal line drawn in the picture through the point of sight 
is called the " horizon " (Fig. 76). Thus the horizon is a 
horizontal line in the picture at the same level as the 
eye. 

It follows that the horizon must contain the vanishing 
points of all horizontal lines, except lines parallel to the 
picture, which have no vanishing point. 



Definition 

9. 

" Horizon." 



Definition 
10. 

" Vanish- 
ing Line." 



By similar reasoning it can be shewn that all systems of parallel 
planes have " vanishing lines w except when they are parallel to the 
picture, and that the horizon is the vanishing line of all horizontal 
planes. A vertical line through the point of sight is the vanishing line 
of all vertical planes perpendicular to the picture. The vanishing line 
of every system of parallel planes can always be found by determining 
the intersection with the picture of a plane parallel to the system and 
passing through the station point. Further, the vanishing line of a 
plane contains the vanishing points of ail lines in that plane or parallel 
to it. Thus the vanishing line of any plane can be found by joining 
the vanishing points of any two lines in the plane, or parallel to it, but 
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Dot themselves parallel. In practical perspective, the conception of the 
vanishing line of a plane is, however, rarely required. 

It will be evident that the use of vanishing points is of 
great service in shortening the operations of perspective. 
Haying obtained the vanishing point of any line, it is 
necessary to obtain only one point on any second line 
parallel to it. The second line can then be drawn through 
this point to the vanishing point of the first line, and its 
position is fixed, and similarly for any number of parallel 
lines. In an architectural subject, in which there are 
usually a great number of parallel lines, the operations of 
perspective are thus much assisted. 



Vanishing Point — Horizontal Lines. 

In Fig. 79, ADCF is a square lying in the ground Horizontal 
plane ; 8 the plan of the station point, the height of which Lmes 
is H above the ground ; x y the ground line. Take any lg ' 
line b b parallel to and at a convenient distance from x y. 
This line, which is merely the ground line transferred in 
order to avoid confusing the perspective view with the 
plan, is called the "base of the picture." Draw h h Definition 
parallel to b b, and a distance H from it. Then h h is the J 1 - 
horizon, and P, obtained by drawing a perpendicular from 8 picture." 
on x y and projecting up, is the point of sight. Draw 8 v i9 
parallel to A F, or D C, and cutting x y in v x . Then v x is 
the plan of the vanishing point of A F and D C. But 
these lines being horizontal must have their vanishing 
points in the horizon. Project up from v x on to h h, obtain- 
ing Vi which is the vanishing point of A F and D C. 
Similarly V 2 is the vanishing point of D A and C F and 
V 3 is the vanishing point of the diagonal D F. Sup- 
posing that the square were lifted up to any height above 
the ground plane, remaining horizontal, the construction 
for obtaining the vanishing points would be exactly the 
same. This construction should be clearly understood, 

k 2 
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as the vanishing points of horizontal lines are always 
required at the outset of a perspective drawing, and it is 



Fig. 79. 



Oblique 
Lines. 

Fig. 80. 



hr- 
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possible to dispense altogether with the vanishing points 
of lines oblique to the ground plane. 

Vanishing Points op Oblique Lines. 

In Fig. 80, of is the plan of a line inclined at a to the 
ground plane. It is required to determine the vanishing 
point of this line. As before, s is the plan of the station 
point, b b the assumed base of the picture, h h the horizon. 
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Draw 8 Vi parallel to cf cutting xyin v 1} and project up 
from Vi on to the horizon h h, obtaining 0/. Then v x ' 
would be the vanishing point of the line cf if it were 
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horizontal, and evidently the point in which a line through 
the station point parallel to cf cuts the picture plane — 
that is the vanishing point of cf— must be vertically 
above or below 0/, according as / is higher than c, or vice 
verm. On sv x as base construct a right-angled triangle 
8 Vi t, having the angle v x 8 1 equal to a, the given inclina- 
tion of cf. Then v x t is the height above or below v x ' of 
the required vanishing point. Make Vi V x equal to v x t, 
then Vi is the vanishing point of cf if / is higher than c, 
or in other words if the line cf rises as it recedes from 
the eye. Similarly, making Vi V 3 equal to v x t 9 V 2 is the 
vanishing point of cf if c is higher than / or if the line 
falls as it recedes from the eye. Or, the right-angled 
triangle may be constructed on h h, making Vi s x equal to 
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Fig. 81. 



t>i 8 and the angle vj s x Y 1 equal to a . On the same 
figure, the vanishing point V 3 of a line d e given by two 
figured points is determined. The inclination /8 of this line 
is first found by the right-angled triangle d e e' 9 and the 
remaining construction is then the same as before. 
(Note c, p. 45.) 

All lines in the picture plane are supposed to have their 
real length, and no diminution of size consequent on the 
distance of the eye from the picture is taken into account. 
Thus if a I c, Fig 81, is a triangle in the plane of the picture, 
it is its own perspective wherever the eye may be placed. 

Since any point in the picture is its own perspective, it 

Fig. 81. 




follows that if any line cuts, or is produced to cut, the 
picture plane, the point of intersection is a point on the 
perspective of that line. 



A Point in the Gbound Plane. 



Perspective 
of a point. 
Fig. 82. 



In Fig. 82, A is a point on the ground plane of which 
the perspective is required. The station point, base of 
picture, and horizon are assumed, and lettered as before. 
1st method. 1. Draw any two lines through A, cutting x y in 1 and 2. 
Assuming these to be lines in the ground plane, deter- 
mine their vanishing points v x v 2 . Transfer the points 
1 and 2 to the base of the picture by projecting up. Join 
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Vv Xi 2 9 v 2 . Then I't^ is the perspective of the line 1A 
produced indefinitely, and 2' v 2 is the perspective of 2 A. 
Hence a, their intersection, is the required perspective 
of A. 



Fig. 82. 




2. Or, draw any line 1 A through A, and obtain its 2nd 
vanishing point v x as before. Draw a second line A 3 method - 
from A at right angles to x y. Then 3 A may be looked 
upon as a line in the ground plane perpendicular to the 
picture. Thus P, the point of sight, is its vanishing point. 
Project 3 up to the base of the picture, and join 3' P, cutting 

V Vi in a. 

3. Again, draw any line 2 A through A as before, and find 3rd 
its perspective 2' v 2 . Join A s, cutting x y in 4. Then A s method - 
is the plan of the visual ray from s to A, and 4 is the plan 

of the perspective of A. Hence projecting up from 4 on to 
the line 2' v 2 , a is obtained. 

It will be seen from the above that there are usually 
several ways of dealing with a perspective question, and 
only practice can in some cades decide which is the best 
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to adopt. If a point is not well determined (Rule 6, p. 4) 
by one method, another may be employed to check it. 

A Plane Figure in the Ground Plane. 

o P f e r s P quar V e e A F CD, Fig. 79, is a square lying in the ground plane. 

Fig. 79. The other conditions are assumed. 

Determine Y 19 V 2 the vanishing points of the pairs of 
parallel sides of the square. Then, to start the perspec- 
tive view, produce one side C D to cut x y in the point 1 ; 
project 1 up to the base of the picture and join 1/ V x . 
Now obtain on this line the perspectives of D and C by 
joining Ds, C a, and projecting up from the points 
2, 3 where these lines cut x y. Then d and e are the per- 
spectives of D and C. From d and c draw lines to V 2 . 
Joining 8 A, and projecting up from 4, a is determined. 
Join a Y 1 cutting e V 2 in / The perspective is now 
complete. 

The figure afcd might have been obtained in several other ways. 
Thus only one vanishing point Vj might have been found, and the line 
1' V, with the points d, c on it obtained as before. Then producing F A 
to cut x y, projecting up from the point of intersection on to b b, and 
joining the projected point to V„ a line is obtained on which the per- 
spectives afoiA and F could be determined. 

Perspective A C D E F, Fig. 83, is any irregular five-sided figure 
irregular lying in the ground plane. This figure might be treated 
figure precisely like the square shewn in Fig. 79, but that the 
Fig. 83. vanishing points of some of the sides — those of A F and 
CD for example — would be at an inconvenient distance. 

Produce the diagonal D A to cut x y in 1, and obtain V x 
the vanishing point of A D. Project up from 1, and join 
1' F lB Obtain a, d on this line by drawing the plans of 
the visual rays 8 A, sD, and projecting up as usual. 
Obtain V 2 the vanishing point of A C. Join a V 2 and 
determine c upon it. Similarly obtain V 3 the vanishing 
point of E D. Join V z d, and, producing it, determine e. 
Obtain V A the vanishing point of the diagonal FD. Join 
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V A d, and, producing it, obtain /. The perspective is now 
complete* 



Fig. 83. 




Although four vanishing points have been found above, the per- 
spective could have been obtained with one only. Thus draw any 
series of parallel lines through the five points A, C 9 2>, E, F to cut x y, 
and obtain their vanishing points. Project up from the points of 
intersection of these lines with x y on to b b 9 and join all the projected 
points with the vanishing point. Thus five lines are obtained which 
severally contain the perspectives of the points A, C, 2>, E, F. 
Determine these perspectives by visual rays and projection. The 
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assumed series of lines might be taken at right angles to x y, in which 
case the point of sight is their common vanishing point. 

The employment of the intersection of the plans of 
the visual rays with x y should be thoroughly understood, 
as it is a process which has to be carried out over and over 
again in perspective drawing. 



Points not 
in the 
ground 
plane. 

Fig. 84. 



Points not in the Ground Plane. Lines and Plane 
Figures Parallel to the Ground Plane. 

In Fig. 84, a is the perspective of the plan of a point 
whose height above the ground plane is equal to H. It is 
required to obtain the perspective of this point. Or, 
putting the problem another way, it is required to erect a 

Fig. 84. 




perpendicular at a of height H. The horizon h h and 
base of picture b b are assumed. Draw any line through a 
to cut hh in Vi and b b in d. At d erect a perpendicular 
d e of length H. Join e v x and draw a vertical line up 
from a cutting ev x in a'. Then a' is the perspective 
required, or a a' is the perspective of a perpendicular of 
height H erected at a point a in the ground plane. 

The reason of this construction is evident. Since d v x 
and e v x are lines which have v x a point in the horizon as 
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vanishing point, they are the perspectives of parallel and 
horizontal lines, and therefore ad is parallel and equal (in 
perspective) tode. But d e is in the picture and was made 
equal to H. Hence the height of a is 27. It makes no 
difference where the line d v x is drawn. Thus in Fig. 84, 
the construction given by the lines d' v 2 , d! e', 4 v 2 leads to 
the same result. 

Since the perspectives of the plans of any required 
points can always be found by the construction previously 
given for points in the ground plane, the perspective of any 
point whose position is known can now be obtained. 



Fig. 85. 




In Fig. 85, 1 8 is the plan of an octagon whose Octagon 

plane is parallel to and at a distance of £" above the ground JJJjJJj 1 to 
plane. It is required to obtain its perspective, the ground plane. 
line x y, the plan of the station point s, and its height Fi £* 85 - 
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above the ground plane (}") being given. Assume tithe 
base of the picture anywhere parallel to x y. Parallel to 
bb and a distance from it, equal to £", draw h h the 
horizon. Determine v x the common vanishing point of 
the sides 8 7, 3 4 and the diagonals 1 6, 2 5, of the octagon. 
Similarly obtain v 2 the vanishing point of the sides 1 2, 6 5 
and the diagonals 83, 74. Produce the side 21 to cut x y 
in a, and projecting upwards, set off a! a!' above b b equal 
to £". Join a" v 2 , and on this line determine the perspec- 
tives 1' 2' of 1 and 2 by means of the plans of the visual 
rays in the usual way. Join V v Xi 2' v x and on the former 
line obtain 6' the perspective of 6. Join 6' v 2 which will 
cut 2' v x in 5' the perspective of 5. Produce 3 8 to cut x y 
in c, and projecting up make d d' equal to £". Join o" v 2 
and obtain on it 8', 3' the perspectives of 8 and 3. Join 
8' v u 3' Vi, and on the latter obtain 7'" the perspective of 7. 
Join 7' v 2 cutting 3' v x in 4' the perspective of 4. The 
figure is now complete. 
Vertical By repeating the above construction the figure can 

mism!™ 1 ke extended so as to give the perspective of a vertical 
octagonal prism of any height having 1' .... 8' as base. 
Thus, if the height of the prism were £ ", it will only be 
necessary to produce the height lines a! a", d c"> setting off 
}" on each of them above a" and c" respectively. Or the 
perspective of the top of the prism can be obtained in a 
different way. Draw V V parallel to b b and at a height above 
it equal to 1", the height of the top of the prism above 
the ground plane. Produce the sides 2 1, 5 6, 7 8, 4 3, and 
the diagonals 3 8, 47, 61, 5 2 to cut xy, and project up 
all the points of intersection on to V V. Join the projected 
points to Vi and v 2 according to which point the produced 
lines vanish in. Thus eight lines are obtained, four con- 
verging in Vi and four in v 2 . The intersections of these 
lines give all the points of the perspective of the top of 
the prism. This construction might of course have been 
employed in determining the perspective of the base 
1 . . . .8* 
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Plane Figure: Vertical and Parallel to the 

Picture Plane. 

In Fig 86, n e is the plan of a heptagon of which one Heptagon 
side cd is in the ground plane. The plans n k if of the parallel to 

the picture. 



Fig. 86. 



Fig. 86. 




angles of the heptagon are obtained in the usual way by 
turning the figure down about c d. Obtain P the point of 
sight. Project c and d up to bb. Join the projected 
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points to P, and on the lines thus obtained determine c', d! 
the perspectives of c, d. Project up from % and use the 
line 1 1' as a height line on which to set off 1 1' equal to 
i i', I F equal toff, and I N equal to n n'. Join I, I', F, N 
to P, cutting a vertical line bisecting S d' in 1, 2, 3. Through 
the points 2, 3 draw lines parallel to b b, and on these 
lines obtain the perspectives of k,f and n,e respectively. 
The figure is now complete. 

It should be noticed that the perspective of the hepta- 
gon is symmetrical about its centre line. This is only 
the case when its plane is parallel to the picture plane. 
If remaining vertical, it were moved so as to make an 
angle with the picture plane, the more distant half of the 
two horizontal diagonals and of the base would be fore- 
shortened, and both these diagonals and the base would 
then have a vanishing point on the horizon instead of 
being parallel to b b. 



Plane Figure: Vertical and Inclined to the 

Picture Plane. 

Square. (1.) In Fig. 87, c d is the plan of a square of which the 

Fig. 87. plane is vertical and one side is in the ground plane. Obtain 

v, the vanishing point of the two horizontal sides. Produce 

do to cut x y in e, and projecting up make e' e" equal to 

cd % Thus e'e" is the height line for the plane of the 

square. Join e' v, e" v and determine on both these lines 

the perspectives of c and d as shewn. The two vertical 

sides of the square are vertical in perspective, and the 

figure takes, therefore, the form of a trapezium. 

Heptagon. (2.) Fig. 88 shews the case of a vertical heptagon with 

Fig. 88. one gj^Q j n t^ g roun( i plane. The construction is precisely 

the same as for the square. The plan must first be 
completed, as in Fig. 86, by turning down the heptagon. 
The vanishing point v x of cd and of the two diagonals 
parallel to it, is then found. Producing d c to cut x y and 
projecting up, a height line d e" is obtained, on which are set 
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off the heights of the two horizontal diagonals and of the 
top point of the heptagon. The several points on the 
height line are joined to v u and the perspectives of all the 



Fig. 87. 




points of the hexagon are respectively determined on 
these lines. 

The figure can easily be extended so as to shew a hep- Heptagonai 
tagonal prism with vertical ends. Complete the plan of Z^ s ^ 
the prism, giving it any assumed length. Determine 
v 2 the vanishing point of the seven parallel edges of the 
prism, and draw lines to v 2 from all the points of the 
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already obtained perspective of the heptagon. Prom the 
plan determine on these lines the perspectives of the 



Fig. 88. 




Note. 



points of the parallel heptagon which forms the further 
end of the prism. 

The perspective of the further end could be obtained without the 
use of the second vanishing point v 2 by producing the plan of this end 
to cut x y, and working with a new height line. 
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The employment of the height line in the two examples 
given above should be noticed. Every vertical plane not 
parallel to the picture plane will have a height line which 
can be used to determine the height of any point in it. 
Thus in dealing with such a subject as the side of a house, 
which might have a considerable amount of detail, the 
height line should if possible be found. It will also be 
convenient, if many heights have to be transferred to the 
height line, to draw an elevation of the object (or enough 
of it to give all heights) on the base of the picture pro- 
duced. The height of any point can then be found on 
any height line by using the T-square. 



Use of the Vanishing Point of Oblique 

Lines. 

In Fig. 89, a e d e is the plan of a building covered by Gable- 
three ridge roofs gable-ended at a e and cd. A portion of Elaine 
the end elevation is drawn on b b, the base of the picture Fig. 89. 
produced. The vanishing points v l9 v 2 of the ends and 
sides of the building are first obtained. Making the angle 
v 8 1 equal to JB, the pitch of the roof, set off v x v\ above v l9 
and v x v'\ below v l9 both equal to v t. Then v' u v'\ are the 
vanishing points for the gable ends. Since one angle a of 
the building is in the picture plane, a vertical line pro- 
jected up from a will serve as a height line for both the end 
a e and the side a d. Make a! a" equal to the height of the 
eaves, and join a" v x . On this line determine the ends of 
valleys from the plan, as shewn- Then, drawing lines 
alternately to v\, and v'\, the gables are put in. The 
rest of the figure needs no explanation. 

It is to be observed that the vanishing points v u v r \ 2nd 
can easily be dispensed with. Thus, setting off the «. eth ^* 
height of the ridges on the height line, a point is obtained, 
which if joined to v x gives a line on which all the ends of 
the ridges can be obtained. Or, draw diagonals under 
each gable, as shewn in Fig. 90. Then vertical lines 

L 
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Fig. 89. 
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drawn through the intersections of these diagonals to cut 
a line drawn from e (on the height line) to v u will give the 
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ends of the ridges. In practice, it will generally be 
simplest to work with only two vanishing points, and 
these both in the horizon, unless the number of parallel 
oblique lines is very considerable. 



Circles. 

The perspective of a circle is a straight line if its plane Circles. 
passes through the station point. If its plane is parallel 
to the picture plane and its centre at the same height as 
the eye, the perspective is a circle. In all other cases 
which occur in practice it is an ellipse. In the general 
case, the circle should be circumscribed by a square, and 
the perspective of the square obtained. If, further, the 
perspectives of the four points of contact and of the 
four points in which the circle cuts the diagonals of the 
square are determined, the ellipse can then be drawn with 
sufficient accuracy. 

In Fig. 91, the given circle, lying on the ground plane, circle in 
is circumscribed by a square a e d e, whose sides are (for Sj* oimd 
simplicity) taken parallel and perpendicular to x y. Two Fig^'i. 
sides of this square will, therefore, vanish in p, the point 
of sight, and the others will be parallel to I b, the base 
of the picture. Produce ac, ed to cut I b in c', dl : join 
the points c', d! to p. Obtain v the vanishing point of the 
diagonal e c. Produce e e to cut x y in t, and projecting 
t up to bby join t' v. Lines parallel to bb drawn through 
the points where t v cuts d!p, e'p> complete the perspec- 

L 2 
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tive of the square. Draw a line through the centre of 
the circle perpendicular to b b> and join the point 1 where 
it cuts I b to p. Then 1 p, cutting the two parallel sides 
of the perspective of the square, gives two points of 
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contact of the ellipse. A line parallel to bb drawn 
through the intersection of the diagonals of the perspec- 
tive of the square gives the other two points of contact 
On plan, draw the diagonals of the square cutting the 
circle in the points 2, 3. Project up to the points 2 and 
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3 on to lb, and join 2' p, 3' p. These lines cut the per- 
spectives of the diagonals in four points on the ellipse. 
The latter can now be drawn. 



Fig. 92. 




x — * 



Any number of additional points on the ellipse could 
of course be obtained, but four points, four tangents, and 
their points of contact will usually be sufficient 
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Vertical 
circle. 
Fig. 92. 



Note a. The line 1 p evidently bisects the perspectives of the two sides of the 

square parallel to x y. 
Note 6. The perspective of the square obtained is a trapezium, and an ellipse 

inscribed in this trapezium by the methods of plane geometry would be 

the required perspective of the circle. 

The case of the vertical circle, Pig. 92, hardly requires 
explanation. The semicircle and circumscribing rect- 
angle are drawn on a c, the plan of the given circle, in 
order to obtain 1, 2, the plans of the points in which 
this circle cuts the diagonals of the circumscribing 
square. The rest of the construction is shewn. 

Division of Lines. 

Lines Vertical lines and all lines parallel to the picture plane 

parallel to can b e divided up into any number of equal parts, or in 
Fig. 93. any given proportion, in perspective, just as if the lines 
themselves were being dealt with. 

In Fig. 93, pp is an end view of the picture plane, 8 

Fig. 93. 
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Horizontal 
lines. 
Fig. 94. 



the station point, AB a vertical line. Then a b is the 
perspective of the line A JB, and if A B is divided up into 
any number of parts (six), the points of division joined to 
8 will give lines which will divide up a b into equal parts. 
This reasoning can be applied to any line parallel to the 
picture plane. 

The case of a horizontal line not parallel to the picture 
plane is different. In Pig. 94, a e is the perspective of a 
horizontal line in any position, h h being the horizon : it is 
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required to divide ae into six equal parts. Through a 
draw a line ad parallel to h h. Take any point vonhh 
Join va,ve 9 and produce v e to cut the line ad in. d. 



Fig. 94. 




Divide a d into six equal parts, and through the points of 
division 1, 2, . . . draw lines to v cutting ac in l',2', .... 
These lines will divide ae perspectively into six equal 
parts. For the lines which converge in v must be the 
perspectives of a set of parallel horizontal lines cutting ae. 
Hence a V is equal to 1' 2', and so on. Similarly, if it 
were required to divide a e in any given proportion, it 
would be necessary merely to divide a d in that propor- 
tion, and through the points of division to draw lines 
to v. 

The perspective of a line inclined to the ground plane Oblique 
can be dealt with if its vanishing point is known. Thus pf* 8 ^ 

Fig. 95. 




a e (Fig. 95) is the perspective of a line whose vanishing 
point is v, h h being the horizon: it is required to divide 
ae into five equal parts From v drop a perpendicular 
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vv x on h h and join v x a. From e draw a line perpendicu- 
lar to hh, cutting v x a in e. Divide a e into five parts 
by the construction of the previous paragraph, and through 
]/, 2' . . . the points of division, draw lines parallel to c e or at 

right angles to h h, cutting a c in ^1", 2" These lines 

will divide ae perspectively into five equal parts. For 
a a is evidently the perspective of a horizontal line 
vertically below ae. Hence if a e is divided in any given 
way, vertical lines through the points of division must 
divide a e in the same way. 

The three constructions above given may occasionally 
save trouble, as they enable the perspective of a line to 
be divided up in any required way without reference to 
the plan. 

Effect of Varying the Position of the 

Station Point. 

Effect of The size of the perspective of an object will greatly 

moving the depend on the relative positions selected for the eye and the 
point. picture with respect to it Thus, supposing the object and 
the picture plane to be fixed, the perspective will be in- 
creased in size by moving the station point away from the 
latter. On the other hand, supposing the station point 
and the picture plane to be fixed, the perspective will 
diminish in size as the object is moved further from the 
latter. 

Again, the form of the perspective of any object will 
be much altered by raising or lowering the height of the 
station point, other conditions remaining the same. 

It is not necessary that the object should be behind 
the picture plane. A portion, or the whole, may be in 
front of the latter. The construction will be precisely the 
same, but the perspective of any portion of the object 
which is in front of the picture plane will be greater than 
that portion itself. 

Finally, it is desirable that the object should nowhere 
subtend a greater angle at the station point than 60° at 
the outside, or 30° on each side of the principal visual ray. 
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If a larger angle is included, more of the object is taken in 
than the eye can properly compass, and the result is that 
the perspective appears distorted and unnatural. 

The limits of this angle— termed the " visual angle " — have been Note, 
variously given, and doubtless vary in different individuals. It may 
be taken, however, that 60° is a maximum for an architectural per- 
spective, and a less angle is desirable. 

The distortion above referred to is sometimes to be noticed in photo- 
graphs of architectural subjects taken with a lens which has too wide 
an angle. 

Perspective op a House (Figs. 96, 97, 98, PI. XXI.). 

From what has been said above, it will be evident that A house. 
the selection of the position of the station point is an g^Q 96 ^ 
important matter in dealing with architectural subjects. xxi. 

In the case of a house, for example, the following points 
must be attended to : — 

1. The building should not subtend a much greater 
angle than 40° at the station point. 

2. The station point and picture plane should be so 
taken that two sides of the building are shewn. Promi- 
nence being given to the most architecturally ornamental 
side, a reasonable amount of the adjacent side should be 
brought into view. If there is too much of the latter, 
attention is withdrawn from the most important side; 
if too little, the features of the less visible side will be 
obscured and lost. 

3. The height of the station point must be chosen with 
reference to the site. If the latter is high, a low station 
point may be taken ; if low, a high station point. If the 
site is level, the station point should be taken at the 
natural level of the eye of a person standing — about 5 
feet. 

4. It will save trouble to make the ground line pass 
through the nearest angle of the plan of building. The 
angle of the latter can then be used as a height line for 
both the sides. 
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Arrange- The general arrangement of a perspective drawing is 

drlwing. shewn in PL XXL The P lan and elevations would have 
been, previously drawn in making the design. A tracing 
of the plan may be attached to the paper on which the 
perspective is to be drawn. The position of the station 
point is now assumed in accordance with the considerations 
above stated, and its plan is laid down on the paper. 
The ground line and the base of the picture should 
then be drawn. It will be convenient to arrange that the 
plan of the station point and the vanishing point for the 
sides of the building shall come on to the same drawing 
board or drawing table to which the paper is attached. 
This is not, however, absolutely essential, since an in- 
strument called a centrolinead may be used to draw lines 
converging in an inaccessible point. It will be simpler, 
however, to use the actual vanishing points. 

On the base of the picture as ground line, tracings of 
the two elevations (or as much of them as is required to 
give the heights of all points which will enter into 
the perspective) should be arranged. These tracings can 
be conveniently placed right and left of the place which 
the perspective will occupy, as shewn in Figs. 97, 98, PI. 
XXI. They are not absolutely essential, since the heights 
can be transferred from the drawing by the dividers ; but 
it will tend to prevent confusion and to simplify the work 
if they are provided. The two vanishing points V u V 2 of 
all horizontal lines in the right and left side of the house 
respectively are now determined in the usual way, and a 
pin is stuck into the drawing board at each of them. A 
third pin may also be used at the plan of the station point. 
The perspective can now be begun, and will consist 
merely of the same kind of operation many times repeated. 
The angle of the house will serve as a height line for all 
lines lying in the plane of the two sides which meet in it. 
For other planes, such as that of the front of the porch 
and of the bow window, fresh height lines can be obtained. 
The process will consist mainly in : — 1st, marking off 
heights on the height lines by projecting across with the 
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T-square from the elevations (Figs. 97, 98), and drawing 
lines to the respective vanishing points ; 2nd, drawing lines 
from the plans of the various points to the plan of the station 
point, marking their intersections with x y, and projecting 
up. The latter operation would be done with the T-square, 
which would first be laid with its working edge against 
the pin, and passing through the plan of the point under 
consideration. The line need not be drawn, but its inter- 
section on x y would be marked, and then, by applying the 
T-square to the bottom edge of the board (removing 
the pin if necessary), the intersection is projected up. 
Care should be taken to put in no more lines than are 
absolutely essential, or confusion may result. If the 
number of intersections on x y becomes very great, the 
existing ones may be rubbed out. Each portion of the 
building as it is completed should be put in in firm lines, 
all construction lines being kept as light as possible. In 
Fig. 96, PI. XXI. the top plan only is shewn. The plans 
of other portions of the building — as for example the win- 
dows and doors — will be required in the course of the work, 
and could be taken on to the tracing from the first floor and 
second floor plans. It will not be necessary to treat small 
detail by construction, and a good draughtsman, having 
obtained all the principal lines in perspective, will be able 
to supply much by eye. But this can only be learnt 
from practice. The finishing up of the drawing, whether 
by pen and ink work as in PI. XXL, or by colour, is also a 
matter on which it would probably be useless to attempt 
to give directions. Figures of persons should generally be 
introduced to give the requisite idea of size, and care should 
be taken that they are given, approximately, the heights 
which they would seem to have in the position in which 
they are placed. 

Perspective by Measuring Points. 

There is another method of perspective drawing which Method of 
deserves notice. This differs from the general method ™ e i *tg ring 
above described only in the process adopted for measuring 
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off known real lengths on lines previously laid down in 

perspective. In the foregoing method, a line having 

been once obtained in perspective, any number of points 

on it can be determined by having recourse to the plan. 

Thus in Fig. 79, 1' F x , the perspective of the line 1 having 

been obtained, the points d 9 e are determined from their 

plans D, C by drawing the plans of the visual rays «D, 

8 C, noting their intersections with x y and projecting up. 

And, similarly, any assigned real length could be measured 

off in perspective along 1' V l9 by first setting off that real 

length along the plan 1 G and then proceeding as above. 

Fig. 99. There is, however, another mode of obtaining the same 

result, the principle of which is easily understood. In 

Fig. 99 (as in Fig. 79) l 1 V x is the indefinite perspective 

of a line D C lying in the ground plane : it is required to 

obtain the perspectives of the points B 9 0. With v t as 

centre and v x 8 as radius, describe the arc sr cutting xy 

in r. Project up from r on to h h, the horizon, obtaining m v 

Along 1 6, the base of the picture, set off 1' 8 equal to 1 D. 

Join m x 8, cutting 1' V x in d. Then d is the perspective of 

D. Similarly make 1' 7 equal to 1 G 9 and join 7 m^ cutting 

1' Vi in c. Then c is the perspective of 0. 

To prove this, join 8 r. Then it is clear that m 1 is the 

vanishing point for all horizontal lines parallel to ar. 

But the angle v x sr is equal to the angle v x rs 9 and 

evidently all lines parallel to 8 r must cut x y and all lines 

parallel to sv l at equal angles. Hence all lines which 

vanish in m l must make equal angles with b b and with any 

line parallel to D G. Therefore, Sm 1 cuts b b and 1' V x at 

equal angles, and the distance 1' 8 is equal in perspective 

to I'd. Similarly I/7 is equal to V e and 87 is equal 

to dc. 

The same construction can be applied to any other line 

vanishing in V\. For example, suppose that it is required 

to mark off successive distances of £" along any line 2' V x . 

Set off 2' a x , a x a^ a 2 a 3 , .... along b 6, each equal to i". 

Join a x m u a % m x ... cutting 2' V x in a' u a' 2 , .... Then 

a' i, a' 2 ... are perspectively i" apart 
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Conversely, if it were required to set off any assigned 
distance beyond or in front of any point d on a line 1' V X9 
join m x d and produce it to cut bb in 8. Set off the 
given distance along b b to the right or left of 8, and join 
the points obtained to m lf cutting 1' V x in the points 
required. 

Fio. 99. 




Thus a point m x has been found which enables any Definition. 
assigned distance to be set off in perspective along any ;* Measur- 
line which vanishes in Vi. The point w x is termed a ln * Pomt - 
" measuring point " 

It follows that — 
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Oblique 
lines. 
Fig. 100. 



(1.) Every vanishing point will have a corresponding 
measuring point. 

(2.) Tbe measuring points for all horizontal lines will 
be on the horizon. 

(3.) The position of the measuring point will always be 
at a distance from its vanishing point equal to the 
distance of the latter from the station point, this distance 
being set off along the horizon to the left of the vanishing 
point for all lines vanishing to the right of the station 
point, and vice verm. 

(4.) The point of sight — the vanishing point for all 
lines perpendicular to the picture — will have two measur- 
ing points, either of which can be used indifferently, these 
measuring points being on the horizon right and left of 
the point of sight at distances equal to the perpendicular 
distance of the station point from the picture. 

The measuring point corresponding to the vanishing 



S^A 




point of any system of lines oblique to the ground plane 
can be obtained in a similar way. Thus in Fig. 100, V x is 
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the vanishing point of a line inclined at a, and having a e 
as its plnn, the same lettering being employed as in 
Fig. 80. With V x as centre and V x s x as radius, describe 
the arc s x m cutting the vertical through V x in m. Then 
m is the measuring point for the vanishing point V x . 

To use this measuring point, suppose that t x V x is the 
perspective of e a indefinitely produced, and that it is 
required to set off along t x V x a distance of J" measured 
from the picture plane. Produce a c 9 the plan of the 
line, to cut x y in d, and project up from d on to b b, thus 
obtaining d'. Join d' v x . Then d! v x is the perspective of 
the plan of the line t x V Xi and d" (determined by pro- 
jecting up from dl on to t x V x ) is the point at which the 
line t x V x cuts the picture plane. From d" set off d" e 
equal to i" along the perpendicular d, d" produced ; join 
e m, cutting d" V x in q. Then d" q is perspectively equal 
to I". 

Conversely, suppose that from any point q on a line 
q V x , it is required to set off any distance — say £". Pro- 
duce the perspective of the plan of the line to cut the 
base of the picture in d'. At dl erect a perpendicular to 
I b. Join ra q and produce it to meet the perpendicular 
in e. From e set off e e\ e e" equal to £" along the per- 
pendicular. Join m e', m e" cutting q V x in t and t x . Then 
the distances q t and q t x are perspectively equal to £". 

The above is easily proved. Join s x m. Then the angles 
V x 8 X in and V x m 8 X are equal, and therefore m would be 
the vanishing point of a line in the same vertical plane as 
ac, and making with ac the same angle as it makes with 
a vertical line drawn through any point of its length. 
Hence d" q is equal in perspective to d" e; i. e. to J". 
Similarly q t is equal to ee' and q t x to e e". And, 
generally, if any point on any line whose perspective 
vanishes in Vi be joined to m, a second line is obtained 
which is the perspective of a line in the same vertical plane 
as the first, and so placed that it cuts the first line and 
a vertical line drawn through any point on its own 
length at the same angle. 
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The two following examples will serve to explain the 
practical use of measuring points. 

Example I — A House. 

Fig. 101. I n Fig. 101 the side and end elevations of a building 
are given : it is required to place this building in per- 
spective, the side to make 36° with the picture plane, one 
corner to be in the latter and opposite the station point. 
The station point to be 55' 0" from the picture and 2(5' 0" 
above the ground plane. 

It is usual to arrange the drawing somewhat differently 
in using the method of measuring points. The plan must 
of course be at hand for reference, but need not be re- 
drawn, or traced. Similarly, the ground line need not be 
drawn, though its position with respect to the plan must 
be known or assumed. The perspective is in fact worked 
with the horizon and base of picture only. 

In Fig. 101, h h and b b are first drawn parallel to each 
other and 26' 0" apart, measured from the scale to which 
the building is drawn. The station point 8 is then taken 
at a distance of 55' 0" from h h. From 8 draw a line 
8 Vi making 36° with h h ; then 8 V 1 is the vanishing 
point for the sides of the building. Similarly 8 V 2 
drawn at right angles to 8 V u or at 54° to h h, determines 
V 2 the vanishing point for the ends. With V x as centre 
and Fi/Sas radius, describe the arc 8m x , and with V 2 as 
centre and V 2 8 as radius, describe the arc 8m 2 ; then m Y 
and rn 2 are the measuring points corresponding respectively 
to the vanishing points V u V 2 . The perspective can 
now be begun. 

Since the angle of the building is opposite the eye, pro- 
ject from 8 on to b b, and from the point a thus obtained 
draw a V u a V 2 . From a set off a 1 along b b equal to the 
length of the side of the building, and join 1 m 1 cutting 
a V 1 in c. Then a c is the perspective length of the side 
of the building. Similarly, making a 2 equal to the 
length of the end of the building and joining 2m 2 , the 
length ad equal to the perspective of the end of the 
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building is obtained. The perspective can now be com- 
pleted, using the vertical line through a as the height line 
both from the ends and the side, and making a e equal to 
the height of the eaves. Vertical lines through the inter- 
section of the diagonals of the ends of the building will 



Fig. 101. 
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contain the extremities of the ridge, the nearest of which 
is determined by setting off its height along the height 
line and drawing a line to F 2 . The position of the 
chimney is obtained on a V 2 by using the measuring 
point m 2 ; its projection from the end wall by drawing 
lines to V x and using the measuring point m u the real 
distances being set off along b b in each case. Similarly, 
the positions of the windows and doors are determined by 
using m^y and their heights from the height line a e. 
The construction is sufficiently shewn. 
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Example II. — A Box. 

Fig. 102. In Kg. 102 the end elevation of a box with lid open at 
an angle of 30° is given. The length of the box is 16". 
It is required to place the box in perspective, the nearest 



Fig. 102. 
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corner to be 3" to the right of the eye and 2£" from the 
picture plane, the front side of the box to make 42° with 
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the latter. The eye is to be 7£" above the ground plane 
and 17" from the picture plane. 

Draw h h and b b parallel and 7 J" apart. Take S at a 
distance of 17" from h h. From S draw 8 V Y making 42° 
and 8 V 2 making 48° with h h. Then V x and V 2 are the 
vanishing points for the front and end respectively. Obtain 
m 1 and m 2 the measuring points corresponding to V x and 
V 2 . From m 2 draw a line m 2 V 3 making 30° with h h and 
cutting the vertical through V 2 in V 3 . With V 3 as centre 
and V 3 m 2 as radius, describe an arc cutting this vertical 
in m 3 . Then V 3 is the vanishing point, and m 3 the 
measuring point for the long sides of the ends of the 
inclined lid. 

To determine the perspective of the nearest corner of 
the box, draw the perpendicular SP cutting hh in P and 
b b in a. Then P is the point of sight and the vanishing 
point for all lines at right angles to the picture. From 
a, set off a 1 to the right along b b equal to 3". Join 1 P. 
With P as centre and P 8 as radius, describe an arc cutting 
h h in t ; then t will be the measuring point corresponding 
to P. From 1 set off 12 along b b equal to 2£" and join 
2 t cutting 1 P in c Then c is the nearest corner of the 
box. From e draw lines to V x and F 2 , and by using the 
measuring points m x and m 2 cut off on them the length 
and breadth of the box. V % c produced to cut b b in e 
will give the height line for the end of the box. The 
perspective of the latter can now be completed. 

To obtain the lid. Join V 3 i and produce it. Join m 3 i 
and produce it to cut the vertical through e in g. Along 
the vertical set off g h equal to LI the breadth of the lid. 
Join Jc m 3 cutting V 3 i produced in I. Join I V x . Then 
V 3 i x produced cuts I Vi in l l9 and the underside of the lid 
is completed. The vanishing and measuring points for 
the short sides of the ends of the lid might now be found, 
and these sides obtained from them, but in this case 
both vanishing and measuring point would lie at an in- 
convenient distance. The point n is therefore determined 
in another way. By using the measuring point rn 2 , the 

M 2 
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horizontal distance between .ATand C(CF) is set off from 
c along c V 2 . A vertical line through 3 must then con- 
tain n. Make e e x on the height line equal to the height of 
N above the ground plane, and join ^^2, cutting this verti- 
cal in n. Join n Vi and n F 3 . The points n x and d can 
be determined by their heights, the height line for the 
farther end of the box being drawn for the purpose of 
determining n x . Or, n x can be obtained by drawing a 
vertical line through that point at the other end of the 
box which corresponds to 3. 

The method of measuring points has one recom- 
mendation. The perspective need not take up so much 
room on the paper, since the plan can be on another 
sheet, provided that it is at hand for reference. On the 
other hand, it will be found that this method is more liable 
to lead to confusion, that it requires more lines, that if a 
mistake occurs it is not so easy to trace, and finally that 
it is not so easy to understand or to check. On the whole, 
therefore, although the method of measuring points lends 
itself to the simple geometrical objects sometimes given 
in examinations, it is not nearly so well suited to practical 
work. 

To become a good perspective draughtsman requires 
some practice, and no mere book-reading will suffice. The 
student is strongly recommended, first, to work out the 
examples given in the foregoing pages, following the 
instructions and varying the conditions slightly. After 
this, he should attempt any other objects which appear 
suitable. 



ENGINEERING DRAWINGS. 165 



CHAPTER XIII. 

ENGINEERING DRAWINGS. 

Engineering Drawings may, roughly speaking, be Reference 
divided into two classes, requiring somewhat different ^. kine 
treatment, yiz. " finished " or " reference " drawings, and drawings. 
" working " drawings. The former are usually drawn to 
comparatively small scales, and are often highly coloured 
and shaded, serving thus as explanatory drawings, 
giving a fair idea of the appearance an object may be 
expected to present after construction, and also forming a 
valuable record of work executed. The latter, on the 
other hand, are drawn to the largest convenient scale, 
often full size, or even still larger, and serve as guides to 
the workmen during construction. 

The drawings required for a complete design of an 
engineering work would therefore consist of, — 

1. General vieuvs, i. e. plans, elevations, and sections, 
all of which should be drawn to the same scale, and should 
be large enough to explain clearly the general arrange- 
ment of the work. 

2. Details, i. e. plans, sections, and occasionally develop- 
ments of such individual portions of the work as need 
further explanation as regards form and dimensions. The 
scales of these detail drawings should be as large as can 
conveniently be managed, and from them tracings are 
prepared for the use of the workmen. 

The following general rules should be observed in all General 
Engineering Drawings : ru e8, 

A good drawing should have a well-adjusted balance in all Baxle 1. 
its parts. Thus the thickness of the lines should be propor- 
tioned to the scale, and the general depth of colour should 
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suit the lines, while the printing should be of such size and 
boldness as to harmonize with the lines and colour, neither 
overpowering the latter nor being thrown into shade by 
them. It will be evident, therefore, that in making a 
really good drawing a considerable amount of artistic 
feeling and good taste is called into play. 
Bule 2. In drawing out details, three views of each object will 
be generally necessary, and more views will be required 
when its opposite sides present any differences of appear- 
, ance. Sections should also be made on all centre lines or 

lines of symmetry, whether horizontal or vertical. If the 
object is absolutely symmetrical about any line, a half 
section and half elevation may be drawn and combined. 
Bule 3. All views and sections should be correctly drawn so as 
to agree exactly, and in arranging such views on the paper, 
care should be taken that where possible, elevations, plans, 
and sections should be projected from each other, so that 
their connection and correspondence may be readily 
traced. 
Bule 4. In commencing a drawing, the " centre lines " of each 
part, i. e. the lines about which that part is symmetrical, . 
should be laid down on paper first, each view or section 
being afterwards completed by building on to its centre 
line. In thus laying down centre lines which are to fix 
upon the paper the position of each view, care should be 
taken that this position is properly chosen, both with 
regard to Eule 3, and also in order that the whole sheet 
of views when complete, may, as far as possible, have a 
symmetrical and well-balanced appearance. 
Bule 5. A' scale should be shewn with each drawing. Where 
different portions are of different scales, these scales 
should be all drawn, and the views to which they refer 
noted. 
Bule 6. In working drawings, every part should have its dimen- 
sion clearly figured, small arrow-heads being used to 
indicate the extent of the dimension. When many dimen- 
sions cross each other, dotted black lines or fine continuous 
red lines should be drawn connecting the arrow-heads, the 
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written dimension being inserted in a small gap left at 
or near the centre of the lines. Black figuring with red 
lines looks very well. 

The following general hints will also be found useful. 

The pencilling should be very carefully made; all Pencilling. 
mistakes should be corrected, and all superfluous lines or 
portions of lines removed by indiarubber or soft eraser 
before inking in. The pencils used should have fine points, 
but should not be too hard. Chisel-pointed pencils are 
not desirable for general drawing. In setting off dimen- 
sions, it is better, if possible, to use a scale reading to the 
edge ; such a scale can always be drawn on paper, and a 
clean edge ensured by cutting it off with a sharp knife. 
When dividers are used, their points should not be forced 
through the paper, but gently pressed, so as to leave merely 
a slight mark, which can be made more conspicuous, if 
required, by a pencil circle round it. 

It is generally best to pencil the whole of a drawing ink lines, 
before inking it in, as uniformity of the ink lines is more 
likely to be obtained ; and, moreover, since all the parts 
of a drawing are mutually dependent, corrections in its 
earlier portions are frequently necessary as the more 
advanced are constructed. In fact, no view can be 
considered as absolutely correct till all the others are 
complete. 

All ink lines should be firm and perfectly black : no 
line should be so fine as to become ragged after the 
drawing has been cleaned with bread or indiarubber. As 
ink lines lose much of their brightness when rubbed 
in cleaning up, it is sometimes advisable, where time 
is not an object, to ink in a drawing, clean it with bread, 
sponge it over with clean water, then lay on the colours, 
and, lastly, go over all the lines again. The sponging 
removes all superfluous ink and prevents the lines from 
running, while it at the same time prepares the paper to 
receive colour ; and the lines being redrawn after the 
cleaning up, will be quite bright and distinct. 

Chain dotted lines are bette r than ordinary dotted lines, Chain 

dotting. 
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and require less care, since the latter must be very even 
and uniform to look well. 

Shade- It is best to add the shade-lines after colouring, for 

lines. fae reasons above stated. They should always have their 

thickness on the outside of the true outline of the shade- 
lined portion. Thus, if a drawing is to be afterwards 
" scaled," the dimensions would be taken to the iwner edges 
of the shade-lines. In shade-lining a drawing the rules 
laid down in Chapter X. should be rigidly adhered to. 
Shade-lines which do not strictly follow recognised rules 
are worse than useless. It should also be remembered that 
shade-lines are used to render a drawing more intelligible, 
and not to hide defects in its execution. 

Colour. Colour is a serviceable ally, but a dangerous enemy to 

the draughtsman : unless therefore he has a natural eye 
for its harmony and some artistic taste, it is far better that 
it should be only sparingly employed. 

Conven- Conventional colours, serving to distinguish the different 

materials, vary considerably; drawing offices frequently 
following tradition in the matter. Drawings for govern- 
ment purposes, however, are usually coloured according to 
fixed colour tables. 

The following colours are recommended for the more 
common materials, viz. : — 

1. Cast iron •• .. .. Payne's grey, or a mixture of 

indigo, sepia, and lake. 

2. Wrought iron .. .. Prussian blue. 

3. Steel Prussian blue and crimson lake. 

4 "Rra /Elevation .. Gamboge. 

\Section .. .. Dark Indian yellow. 

5. Copper Gamboge and crimson lake. 

6. Ordinary building stone Sepia and yellow ochre, or Roman 

ochre and a little lake. 

_ «., {Elevation .. Light red, with a little carmine. 

ISection .. .. Scarlet lake, or carmine, 

ft Wnnd /Elevation .. Yellow ochre, or raw-sienna. 

ISection .. .. Burnt-sienna. 

9. Earth Burnt-umber. 

tf\ t- /Red .. .. Carmine, or scarlet lake. 

10. L,nes | Blue ^ ^ French ultramarine. 
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To lay on a flat wash requires some little practice; Flat 
failure is generally the result of neglecting the following was 
rules : 1st. Take care that the brush and saucer are 
perfectly clean. The former should be a large red sable 
with a fine point. 2nd. Slope the drawing board slightly. 
3rd. Lay on enough colour just to cover the paper, and 
never leave small pools of colour on any portion. Take 
care not to have too much, nor too little colour in the 
brush. The latter should, in fact, never be so full that 
perfect command of the colour is lost. 4th. Some earthy 
colours form a sediment when mixed with water: this 
sediment should be allowed to settle, and the amount of 
colour required in the brush should either be skimmed off 
the surface without stirring the contents of the saucer, or 
the latter should be thoroughly stirred each time a fresh 
brush-full is taken. 5th. On finishing off a wash, remove 
any superfluous colour with the brush, having first emptied 
the latter by means of a piece of blotting-paper. 6th. 
Always try colours on a piece of waste paper before com- 
mencing, but remember that the general effect of a large 
wash cannot be judged from that of a mere strip. 

Cast shadows and shading should be laid on in a Cast 
neutral tint before colouring, and the colours afterwards s^ 10 ^ 
glazed over them. This gives softness to the general shading. 
effect. Indian ink answers very well for shading, though 
other neutral tints m?y be used. 

In shading details of machinery a good striking effect shading 
is produced by slightly shading the darkest portions only, machmer y- 
in the colour proper to the material. In this way, with 
very little trouble, the appearance of roundness can be 
obtained and the nature of the material at the same time 
indicated. Cast shadows, i. e. the shadows of one part on 
another, may be altogether omitted, since their correct 
determination will often be a somewhat tedious process. 

Coloured sections should always be made either Colouring 
decidedly darker, or decidedly lighter than either plans or sections « 
elevations. The former effect, which is the most usual, 
may be produced either by merely darkening the wash or 
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by diagonal cross lining laid on either with a brush or 
ruling pen. These cross lines should be in the colour 
proper to the section; they should be uniform and at 
equal distances apart, and should be inclined at 45° to the 
edges of the paper. When no colour is employed, varied 
cross lining in ink serves to distinguish materials. In 
colouring sections, the wash should not be carried quite 
to the bounding line of those edges which are toward 
the light (see Chapter X.), but a narrow strip, say about 
sY', should be left white. This, with the aid of shade- 
lines to the opposite edges, gives considerable relief to 
the sections, making them appear to stand up from the 
paper. ' When a complete section consists of several con- 
tiguous sectional parts, it will not usually be necessary to 
leave lights on the edges of each part. But in a case in 
which it is particularly desirable that each sectional part 
should be clearly distinguished from those in contact with 
it, light strips should be left on the proper light edges of 
each part. Of the latter case, the section of a joint of a 
wrought-iron bridge or roof affords an excellent example. 
In this instance light strips to every light edge are most 
valuable, showing at a glance the extent and form of each 
portion. It will usually be best, if the strip to be left 
white is a long one, to rule a line parallel to the edge of 
the section marking the edge of the wash. Such a line 
may be ruled in pencil, or, better still, in the colour of the 
wash which is to follow. When the sectional part is 
very narrow, as will frequently occur in the case of 
wrought-iron plates, &c, the colour may be ruled in 
with a single broad line, the light strip being left at the 
same time. 

When a section is made by a plane passing through the 
axis of a rivet, bolt shaft, spindle, or any kind of rod of a 
circular section, the latter is not considered to be cut by 
the section plane, but is treated as a plan or elevation. 

It will sometimes be desirable to indicate the form and 
position of the invisible portions of an object ; that is, of 
those portions which cannot be seen from the position 
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supposed to be occupied by the spectator. These invisible 
portions should be shewn by dotted lines. 

In working drawings, as a rule, sections only need be Working 
coloured. Cases will, however, arise in which colour on rawin K 8 - 
plans and elevations is desirable. In drawings of this 
class clearness as to arrangement, form, dimensions, and 
material is of the first importance. Where any explana- 
tion is needed, it should be appended as a note, written on 
or by the side of the part referred to. 

The printing should be so arranged that it can all be Printing, 
read without altering the position of the drawing. 
Printing requires considerable practice, and it will be 
better usually to adopt two styles only, viz. upright block 
capitals and sloping italic capitals and small letters. 

Alphabet No. 1, PL XX., consists of large upright Large 
block capitals: these should be used for the principal "jy^ 
headings of drawings The form and dimensions shewn No. l, n. 
should be preserved, but in accordance with Kule l 9 p. 165, 
the letters may be varied in several ways, to suit the 
general effect of the drawing. Thus the strokes may be 
all black, as shewn in PI. XX : they may be put in with 
light Indian ink, or they may be left in outline without 
filling in, and in this latter case they should be shade- 
lined as if in elevation. Again, the fine lines may be 
omitted altogether, the shade-lines alone being retained 
(D, E, F, PL XX, No. 1). Roman numerals should be 
used with this alphabet. 

Sloping block capitals may, however, be used if pre- Sloping 
ferred. (W,X,Y, Z, PI. XX., No. 1.) ^ 

Alphabet No. 2, PL XX., consists of small block Small 
capitals : their form should be exactly the same as that of ^°^ lg 
Alphabet No. .1. These small block letters should be No. 2, Pi. 
used for minor headings, i. e. for headings applying only to 
some particular part of a drawing, as for instance, " Section 
on A B," " Side elevation," &c. Ordinary or Arabic 
numerals should be used with these letters. Sloping 
small block capitals (H P Q E, PL XX., No. 2) may be 
used if preferred. 
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italic ^ Alphabet No. 3, PL XX., consists of sloping or italic 
No a^Pi. capitals, small letters, and numerals. These should be 
xx - used on drawings for explanatory notes, for the names of 

the different parts of a structure, and for dimensions. 
The size of these letters may vary somewhat, according 
to the purpose for which they are used. The tall small 
letters, such as d and Z, and all numerals used with them, 
should have heights equal to that of the capitals. 

It is hoped that the hints contained in the preceding 
pages will be found useful. No written instructions can 
in a subject like drawing take the place of practice and 
experience, but attention to the former will at least help 
to lessen the number of those vexatious and often needless 
failures which so frequently discourage beginners. 
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CHAPTER XIV. 

SELECTION OF INSTRUMENTS, ETC. 

Needle-pointed Instruments are now in general use. Needle 
They are much to be preferred to ordinary instruments, P 0int8, 
but they require more careful treatment and a lighter 
hand. 

In choosing needle-pointed instruments, be sure that 
the "shoulder" from which the needle projects is suffi- 
ciently large.* This shoulder has to rest on the paper 
when the instrument is in use, and if it is too small it is 
apt to make a hole. 

In choosing all instruments look well to the workman- 
ship. See that the movable limbs of the compasses fit 
properly, and that all joints work smoothly. 

The "bows," both pen and pencil, should be double- Bows. 
jointed, so that when in use both limbs may be bent so as 
to stand at right angles to the plane of the paper. If 
this cannot be done, enlargement of the hole takes place, 
and the pen-bow cannot be made to give an even arc. 

See that the springs of the "spring bows" are suffi- Spring 
ciently strong. If this is not the case, the pen or pencil ows " 
leg will draw in to the centre, and a crooked spiral instead 
of a circle will result. This is especially likely to occur 
when very small circles are being drawn. The spring pen- 
bow should have a joint in the pen-leg, the adjusting 
screw being attached below the joint. This arrangement 
enables the leg in question to be kept approximately at 
right angles to the plane of the paper. 

The spring of the adjustable limb of the " hair dividers " Hair 
should be strong, as it is this spring alone which prevents dlviders - 
the points from spreading. That form of hair dividers in 
which the adjustable limb is rendered immovable in any 
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position is to be preferred. In this instrument the milled 
head of the adjusting screw works in a guard attached 
outside the limb, and gives the motion in both directions. 
If, however, the joint of the dividers works smoothly, the 
hair adjustment will rarely be required. 

Napier compasses, from their extreme portability, are 
very useful ; they form a set of instruments in themselves. 
Those in which the limbs can be lengthened by a tele- 
scopic arrangement are to be preferred. The latter 
should be strong enough to be perfectly rigid without 
being inconveniently heavy. 

Rigidity in all instruments of this class is an important 
qualification; looseness of joints is fatal. 

Proportional compasses are occasionally useful, but 
their graduation cannot always be depended upon. Those 
in which the points are turned up at right angles are best, 
as they are not affected by the shortening which often 
takes place when the instrument is sharpened. 

The choice of a drawing pen requires some experience. 
Drawing pens are made either with two spring nibs, or 
with one of the nibs hinged and pressed outwards by a 
small spring. The former pens are best, but the latter 
are easier to clean and sharpen. In either esse the 
spring should be a strong one. Pens in which the nibs 
are much bowed, i. e. curve in much, should be rejected. 
A good pen should have broad, thick, and somewhat short 
nibs, containing plenty of metal, which can always be 
worked down to any extent in sharpening. The nibs 
should be of exactly the same length and form, and with 
a gradual and nearly straight taper. The points should 
be rounded off, so as to present no sharp angle. They 
should not be too sharp, or they will cut the surface of the 
paper, and are apt to run away from the straight-edge ; 
nor too blunt, or they will not give a decently fine line. 

A drawing pen should be sharpened as follows. Screw 
up till the nibs are in contact. Work the pen gently on 
a stone with a little oil, holding it so as to be always in a 
plane at right angles to that of the stone. Proceeding in 
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this way the proper form is given to the points, and they 
are moreover kept alike and of equal length. The points 
should be looked at (through a magnifying glass, if 
required) at short intervals. When the proper form has 
been obtained, open the points a little and proceed to 
sharpen each nib separately, taking the greatest care not 
to spoil the previously imparted shape, and endeavouring 
to give exactly the same degree of sharpness to both nibs. 
It remains merely to remove the "burr" left by the 
previous operations. This should be done very carefully 
and with very fine emery paper. When using the latter 
between the nibs, be particularly careful to remove the 
burr only, and not any of the metal of the points, as if 
an ontward splay is given to the latter, the* pen will not 
work at all. 

If the above directions are followed, it should be 
possible with a little practice to succeed in obtaining a 
pen which will give a firm, smooth, and uniform line. 
Every draughtsman should be able to sharpen his own 
pens, as the latter frequently leave the maker's hands 
unfit for use ; and in any case, if a pen is much used it 
will require constant attention. 

In using a drawing pen, avoid pressing it too hard 
against the straight-edge, and keep the second finger on 
the milled head of the screw, and not on the outer nib 
itself. 

Dotting pens are not recommended : they give a great Dottln s 
deal of trouble, and are very uncertain in their action. pens. 

Parallel rulers should be of the "rolling" class, not Parallel 
less than 15" in length, made of metal, and the heavier the rule". 
better. Light wooden rolling rulers, are very untrust- 
worthy. Jointed parallel rulers should not be used. 
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Section VII. Scaffolds, Staging, and Gantries — Section VIII. Construction of Centres for 
Bridges — Section IX. Coffer-dams, Shoring, and Strutting — Section X. Wooden Bridges 
and Viaducts— Section XI. Joints, Straps, and other Fastenings— Section XII. Timber. 

Our Factories, Workshops, and Warehouses: their 

Sanitary and Fire-Resisting Arrangements. By B. H. Thwaite, Assoc. 
Mem. Inst. C.E. With 183 wood engravings, crown 8vo, cloth, gs. 

Gold : Its Occurrence and Extraction, embracing the 

Geographical and Geological Distribution and the Mineralogical Charac- 
ters of Gold-bearing .rocks ; the peculiar features and modes of working 
Shallow Placers, Rivers, and Deep Leads ; Hydraulicing ; the Reduction 
and Separation of Auriferous Quartz ; the treatment of complex Auriferous 
ores containing other metals ; a Bibliography of the subject and a Glossary 
of Technical and Foreign Terms. By Alfred G. Lock, F.R.G.S. With 
numerous illustrations and map, 1250 pp., super-royal 8vo, cloth, 
2/1 12s. 6V. 
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Progressive Lessons in Applied Science. By Edward 

Sang, F.R.S.E. Crown 8vo, cloth, each Part, y. 

Part i. Geometry on Paper — Part 2. Solidity, Weight, and Pressure — Part 3. Trigono- 
metry, Vision, and Surveying Instruments. 

A Practical Treatise on Coal Mining. By George 

G. Andr£, F.G.S., Assoc. Inst. C.E., Member of the Society of Engineers. 
With 82 lithographic plates* 2 vols., royal 4to, cloth, 3/. I2j. 

-Sugar Growing and Refining: a Comprehensive 

Treatise on the Culture of Sugar-yielding Plants, and the Manufacture, 
Refining, and Analysis of Cane, Beet, Maple, Milk, Palm, Sorghum, 
and Starch Sugars, with copious statistics of their production and com- 
merce, and a chapter on the distillation of Rum.. By Charles G. 
Warnford Lock, F.L.S., &c, and G. W. Wigner and R. H. Harland, 
FF.C.S., FF.I.C. With 205 illustrations, 8vo, cloth, 30* 

Spons* Information for Colonial Engineers. Edited 

by J. T. Hurst. Demy 8vo, sewed. 

No. 1, Ceylon. By Abraham Deane, C.E. zs. 6d. 

Contents : 

Introductory Remarks— Natural Productions— Architecture and Engineering — Topo- 
. graphy, Trade, and Natural History— Principal Stations— Weights and Measures, etc., etc. 

No. 2. Southern Africa, including the Cape Colony, Natal, and the 
Dutch Republics. By Henry Hall, F.R.G.S., F.R.C.I. With 
Map. 31. 6d. 

Contents : 




Draught Purposes — Statistical Notes — Table of Distances— Rates of Carriage, etc. 



No. 3. India. By F. C. Danvers, Assoc. Inst C.E. Witlj Map. 4J. 6d. 

Contents : 

Physical Geography of India — Building Materials— Road«— Railways— Bridges— Irriga- 
tion— River Works— Harbours— Lighthouse Buildings— Native Labour— The Principal 
Trees of India— Money— Weights and Measures—Glossary of Indian Terms, etc. 

A Practical Treatise on Casting and Founding, 

including descriptions of the modern machinery employed in the art. By 
N. E. Sprrtson, Engineer. Third edition, with 82 plates drawn to 
scale, 412 pp., demy 8vo, cloth, i&r. 
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The Clerk of Works: a Vade-Mecum for all engaged 

in the Superintendence of Building Operations. By G. G. Hoskins, 
F.R.I.B.A. Third edition, fcap. 8vo, cloth, ix. 6d. 

Tropical Agriculture ; or, the Culture, Preparation, 

Commerce, and Consumption of the Principal Products of the Vegetable 
Kingdom, as furnishing Food, Clothing, Medicine, etc., and in their 
relation to the Arts and Manufactures ; forming a practical treatise and 
Handbook of Reference for the Colonist, Manufacturer, Merchant, and- 
Consumer, on the Cultivation, Preparation for Shipment, and Commercial 
Value, etc., of the various Substances obtained from Trees and Plants 
entering into the Husbandry of Tropical and Sub-Tropical Regions. By 
P. L. Simmonds. Second edition, revised and improved, .515 pages, 
8vo, cloth, 1/. 1 j. 

Steel: its History, Manufacture, and Uses. By. 

J. S. Jeans, Secretary of the Iron and Steel Institute* 860 pages and 
24 plates, 8vo, cloth, 3&r. 

American Foundry Practice: Treating of Loam, 

Dry Sand, and Green Sand Moulding, and containing a Practical Treatise 
upon the Management of Cupolas, and the Melting of Iron. By T. D. 
West, Practical Iron Moulder and Foundry Foreman. Second edition, 
with numerous illustrations ', crown 8vo, cloth, ioj. 6d. 

The Maintenance of Macadamised Roads. By T, 

Codrington, M.I.C.E, F.G.S., General Superintendent of County Roads 
for South Wales* 8vo, cloth, dr. 

> 

Hydraulic Steam and Hand Power Lifting and 

Pressihg Machinery, By Frederick Colyer, M. Inst. C.E., M. Inst. M.E. 
With 73 plates, 8vo, cloth, i&r. 

Pumps and Pumping Machinery. By F. Colyer, 

M.I.C.E., M.I.M.E. With 23 folding plates, 8vo, cloth, I2j. 6d. 

» 

Tables of the Principal Speeds occurring in Mechanical 

Engineering, expressed in metres in a second. By P. Keerayeff, Chief 
Mechanic of the Obouchoff Steel Works, St. Petersburg ; translated by 
Sergius Kern, M.E. Fcap. 8vo, sewed, 6d. 

Girder Making and the Practice of Bridge Building 

in Wrought Iron> illustrated by Examples of Bridges, Piers, and Girder 
Work, etc., constructed at the Skerne Iron Works, Darlington, by 
Edward Hutchinson, M. Inst. M.E. With 35 plates, demy 8vo, 
• cloth, ioj. 6d. 
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Spoils Dictionary of Engineering, Civil, Mechanical, 

Military i and Naval; with technical terms in French, German, Italian, 
and Spanish, 3100 pp., and nearly 8000 engravings ", in super-royal 8vo, 
in 8 divisions, 5/. is. Complete in 3 vols., cloth, 5/. 5*. Bound in a 
superior manner, half-morocco, top edge gilt, 3 vols., 61. i&r. 

• See page 15. 

A Treatise on the Origin, Progress, Prevention* and 

Cure of Dry Rot in Timber; with Remarks on the Means of Preserving 
Wood from Destruction by Sea- Worms, Beetles, Ants, etc By Thomas 
Allen Britton, late Surveyor to the Metropolitan Board of Works, 
etc, etc. With 10 plates, crown 8vo, cloth, 7*. 6d. 

< » 

Metrical Tables. By G. L. Molesworth, M.I.-C.E.' 

321&0, doth, is. 6d> 

Contents. 

General— Linear Measures — Square Measures — Cubic Measures— Measures of Capacity— 
Weights-— Combinations— TliermQmeters. 

A Handbook of Electrical Testing. By H. R. 

Kempe, Member of the Society of Telegraph Engineers. New edition, 
revised and enlarged, with 8 1 illustrations. Crown 8vo, cloth, I2j. 6d. 

Electro -Telegraphy. By Frederick S. Beechey, 

Telegraph Engineer. A Book for Beginners. Illustrated. Fcap. 8vo, 
sewed, 6d. 

Handrailing : by the Square Cut. By John Jones, 

Staircase Builder. Fourth edition, with seven plates, 8vo, cloth, y. $d. 

Handrailing: by the Square Cut. By John Jones, 

Staircase Builder. Part Second, with eight plates, 8vo, cloth, y. 6d. 

The Gas Consumers Handy Book. By William 

Richards, C.E. Illustrated. i8mo, sewed, 6d. 

Steam Heating for Buildings} or, Hints to Steam 

Fitters, being a description of Steam Heating Apparatus for Warming 
and Ventilating Private Houses and large Buildings ; with Remarks on 
Steam, Water, and Air in their relation to Heating ; to which are added 
miscellaneous Tables. By J. W. Baldwin, Steam Heating Engineer. 
With many illustrations. Second edition, crown 8vo, cloth, ic\r. 6d. 
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A Packet-Book of Useful Formulte and Memoranda 

for Civil and Mechanical Engineers. By Guilford L. Molesworth, 
Mem. Inst. C.E., Consulting Engineer to the Government of India for 
State Railways. . With numerous illustrations, 744 pp. Twenty-first 
edition, revised and enlarged, 32mo, roan, 6s. 

Synopsis of Contents: 

Surveying , Levelling, etc. — Strength and Weight of Materials— Earthwork, Brickwork, 
Masonry, Arches* etc.— Struts, Columns, Beams, and Trusses — Flooring, Roofing, and Roof 
Trusses — Girders, Bridges, etc.— Railways and Roads— Hydraulic Formulae — Canals. Sewers, 
Waterworks, Docks — Irrigation and Breakwaters— Gas, Ventilation, and Warming — Heat, 
Light, Colour, and Sound— Gravity : Centres, Forces, and Powers — MiUwork, Teeth of 
Wheels, Shafting, etc.— Workshop Recipes — Sundry Machinery— Animal Power— Steam and 
the Steam Engine — Water-power, Water-wheels, Turbines, etc. — Wind and Windmills- 
Steam Navigation, Ship Building, Tonnage, etc. — Gunnery, Projectiles, etc. — Weights, 
Measures,, and Money — Trigonometry, Conic Sections, and Curves— Telegraphy— Mensura- 
tion— Tables* of Areas and Circumference, and Arcs of Circles—Logarithms, Square and 
Cube Roots, Powers — Reciprocals, etc,— Useful Numbers— Differential and Integral Calcu- 
lus—Algebraic Signs— Telegraphic Construction and Formulae. 

Spons Tables and Memoranda for Engineers; 

selected and arranged by J. T. Hurst, C.E., Author of 'Architectural 
Surveyors' Handbook,' ' Hurst's Tredgold's Carpentry,' etc. Fifth edition, 
641110, roan, gilt edges, is, ; or in cloth case, u. 6d. 

This work is printed in a pearl type, and is so small, measuring only a* in. by if in. by 
I in. t hick , that it may be easily carried in the waistcoat pocket. 

" It is certainly an extremely rare thing for a reviewer to be called upon tonotice a volume 
measuring but a£ in. by xf in., yet these dimensions faithfully represent the size of the handy 
little book before us. The volume — which contains 118 printed pages, besides a few blank 
pages for memoranda — is, in fact, a true pocket-book, adapted for being carried in the waist- 
coat pocket, and containing a far greater amount and variety of information than most people 

would imagine could be compressed into so small a space The little vq|pme has been 

compiled with considerable care and judgment, and we can cordially recommend it to our 
readers as a useful little pocket companion." — Engineering. 

Analysis, Technical Valuation, Purification and Use 

4/ Coal Gas. By the Rev. W. R. Bo wditch, M. A. With wood engravings, 

Svo, cloth, 12s. 6d. 

Condensation of Gas — Purification of Gas— Light— Measuring— Place of Testing Gas- 
Test Candles — The Standard for Measuring Gas-light — Test Burners — Testing Gas for 
Sulphur — Testing Gas for Ammonia — Condensation by Bromine — Gravimetric Method of 
taking Specific Gravity of Gas— Carburetting or Naphthalizing Gas — Acetylene — Explosions 
of Gas— Gnawing of Gaspipes by Rats— Pressure as related to Public Lighting, etc. 

A Practical Treatise on Natural and Artificial 

Concrete, its Varieties and Constructive Adaptations. By Henry Reid, 
Author of the ' Science and Art of the Manufacture of Portland Cement.' 
New Edition, with 59 woodcuts and 5 plates, 8vo, cloth, 15J. 

Hydrodynamics : Treatise relative to the Testing of 

Water- Wheels and Machinery, with various other matters pertaining to 
Hydrodynamics. By James Emerson. With tmmerous illustrations, 
360 pp. Third edition, crown 8vo, cloth, 4s. 6d. 
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The Gas Analyst's Manual. By F. W. Hartley, 

Assoc. Inst. C.E., etc. With numerous illustrations. Crown 8vo, 
cloth, 6s. 

Gas Measurement and Gas Meter Testing. By 

F. W. Hartley. " Fourth edition, revised and extended. Illustrated, 
crown 8vo, cloth, 4s. 

The French- Polishers Manual. By a French- 

Polisher; containing Timber Staining, Washing, Matching, Improving, 
Painting, Imitations, Directions for Staining, Sizing, Embodying, 
Smoothing, Spirit Varnishing, French-Polishing, Directions for Re- 
polishing. Third edition, royal 32mo, sewed, 6d. 

Hops, their Cultivation, Commerce, and Uses in 

various Countries. By P. L. Simmonds. Crown 8vo, cloth, 4s. 6a*. 

A Practical Treatise on the Manufacture and Distri- 
bution of Coal Gas. Efy William Richards. Demy 4to, with numerous 
wood engravings a/td 29 plates, cloth, 2&r. 

Synopsis of Contents : 

Introduction— History of Gas Lighting — Chemistry of Gas Manufacture, by Lewis 
Thompson, Esq., M.R.C.S. — Coal, with Analyses, by J. Paterson, Lewis Thompson, and 
G. R. Hislop, Esqrs. — Retorts, Iron and Clay — Retort Setting — Hydraulic Main — Con- 
densers—Exhausters — Washers and Scrubbers— Purifiers — Purification — History of Gas 
Holder— Tanks, Brick and Stone, Composite, Concrete, Cast-iron, Compound Annular 
Wrought-iron — Specifications — Gas Holders — Station M eter — Governor — Distribution — 
Mains — Gas Mathematics, or Formulae for the Distribution of Gas, by Lewis Thompson, Esq.— 
Services — Consumers' Meters — Regulators — Burners — Fittings — Photometer— Carburization 
of Gas— Ain Gas and Water Gas — Composition of Coal Gas, by Lewis Thompson, Esq.— 
Analyses oPGas — Influence of Atmospheric Pressure and Temperature on Gas— Residual 
Products— Appendix — Description of Retort Settings, Buildings, etc., etc. 

Practical Geometry and Engineering Drawing ; a 

Course of Descriptive Geometry adapted to the Requirements of the 
Engineering Draughtsman, including the determination of cast shadows 
and Isometric Projection, each chapter being followed by numerous 
examples; to which are added rules for Shading Shade-lining, etc., 
together with practical instructions as to the Lining, Colouring, Printing, 
and general treatment of Engineering Drawings, with a chapter on 
drawing Instruments. By George S. Clarke, Lieut. R.E., Instructor 
in Mechanical Drawing, Royal Indian Engineering College. 20 plates, 
4tp, cloth, 1 5 j. 

The Elements of Graphic Statics. By Professor 

Karl Von Ott, translated from the German by G. S. Clarke, Iieut. 
R.E., Instructor in Mechanical Drawing, Royal Indian Engineering 
College. With 93 illustrations, crown 8vo, cloth, $s. 

The Principles of Graphic Statics. By George 

Sydenham Clarke, Lieut Royal Engineers. With 112 illustrations. 
4to, cloth, \2s, 6d. 



PUBLISHED BY E. & F. N. SPON. 



The New Formula for Mean Velocity of Discharge 

of Rivers and Canals. By W. R. Kutter. Translated from articles in 
fiie ' Cultur-Ingenieur/ by Lowrs D'A. Jackson, Assoc. Inst. C.E. 
8vo, cloth, I2J. 6d. 

Practical Hydraulics ; a Series of Rules and Tables 

for the use of Engineers, etc., etc. By Thomas Box. Fifth edition, 
numerous plates, post 8vo, cloth, 5*. 

A Practical Treatise on the Construction of Hori- 
zontal and Vertical Waterwheels, specially designed for the use of opera- 
tive mechanics. By William Cullen, Millwright and Engineer. With 
II plates. . Second edition, revised and enlarged, small 4to, cloth, 12s. 6d. 

Aid Book to Engineering Enterprise Abroad. By 

EwiNG Matheson, M. Inst. C.E. The book treats of Public Works 
and Engineering Enterprises in their inception and preliminary arrange- 
ment ; of the different modes in which money is provided for their 
accomplishment ; and of the economical and technical considerations by 
which success or failure is determined. The information necessary to 
the designs of Engineers is classified, as are also giose particulars by 
which Contractors may estimate the cost of works, and Capitalists the 
probabilities of profit. Illustrated, 2 vols., 8vo, I2J. 6d. each. 

The Essential Elements of Practical Mechanics; 

based on the Principle of Work, designed for Engineering Students. By 
Oliver Byrne, formerly Professor of Mathematics, College for Civil 
Engineers. Third edition, with 148 wood engravings, post 8vo, cloth, 
is. 6d. 

Contents: 

Chap. 1. How Work is Measured by a Unit, both with and without reference to a Unit 
of Time — Chap. 2. The Work of Living Agents, the Influence of Friction, and introduces 
one of the most beautiful Laws of Motion— Chap. J. The principles expounded in the first and 
second chapters are applied to the Motion of Bodies — Chap. 4. The Transmission of Work by 
simple Machines— Chap. $. Useful Propositions and Rules. 

The Practical Millwrights and -Engineers Ready 

Reckoner; or Tables for finding the diameter and power of cog-wheels, 
diameter, weight, and power of shafts, diameter and strength of bolts, etc. 
By Thomas Dixon. Fourth edition, i2mo, cloth, 3*. 

Breweries and Maltings : their Arrangement, Con- 
struction, Machinery, and Plant. By G. Scamell, F.R.I.B.A. Second 
edition, revised, enlarged, and partly rewritten. By F. Colyer, M.I.C.E., 
M.I.M.E. With 20 plates, 8vo, cloth, i8j. 

A Practical Treatise on the Manufacture of Starch, 

Glucose, Starch-Sugar, and Dextrine, based on the German of L. Von 
Wagner, Professor in the Royal Technical School, Buda Pesth, and 
other authorities. By Julius Frankel ; edited by Robert Hutter, 
proprietor of the Philadelphia Starch Works. With 58 illustrations, 
344 pp., 8vo, cloth, 18/. 
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A Practical Treatise on Mill-gearing, Wheels, Shafts 

Riggers, etc t ; for the use of Engineers* By Thomas Box. Third 
edition, with I 1 plates. Crown 8vo, cloth, *js, 6d, 

Mining Machinery: a Descriptive Treatise on the 

Machinery, Tools, and other Appliances used in Mining. By G. G. 
Andre, F.G.S., Assoc. Inst. C#E M Mem. of the Society of Engineers. 
Royal 4to> uniform with the Author's Treatise on Coal Mining, con- 
taining 182 plates % accurately drawn to scale, with descriptive text, in 
2 vols., cloth, 3/. 1 2 s. 

Contents : 

Machinery fbr Prospecting, Excavating, Hauling, and Hoisting— Ventilation— Puihping— 
Treatment of Mineral Products, including Gold and Silver, Copper, Tin, and Lead, Iron, 
Coal, Sulphur, China Clay, Brick Earth, etc 



Todies for Setting out Curves for Railways, Canals, 

Roads, etc,, varying from a radius of five chains to three miles. By A. 
Kennedy and R. W. Hackwood. Illustrated, 321110, cloth, zs. 6d. 



The Science and Art of the Manufacture of Portland 

Cement, with observations on some of its constructive applications. With 
66 illustrations. By Henry Reid, C.E., Author of 'A Practical 
Treatise on Concrete, 7 etc., etc. 8vo, cloth, i&r. 

The Draughtsman 's Handbook of Plan and Map 

Drawing; including instructions for the preparation of Engineering, 
Architectural, and Mechanical Drawings. With numerous illustrations 
in the text, and 33 plates (15 printed in colours). By G. G. Andre, 
F.G.S., Assoc. Inst. C.E. 4to, cloth, 9*. 

Contents : 

The Drawing Office and its Furnishings — Geometrical Problems — Lines, Dots, and their 
Combinations — Colours, Shading, Lettering, Bordering, and North Points — Scales — Plotting 
— Civil Engineers' and Surveyors' Plans— Map Drawing— Mechanical and Architectural 
Drawing— Copying and Reducing Trigonometrical Formula?, etc., etc 

The Bailer-maker s andiron Ship-builders Companion, 

comprising a series of original and carefully calculated fables, of the 
utmost utility to persons interested in the iron trades. By Tames Foden, 
author of ' Mechanical Tables,' etc. Second edition revised, with illustra- 
tions, crown 8vo, cloth, 5j. 

Rock Blasting: a Practical Treatise on the means 

employed in Blasting Rocks for Industrial Purposes* By G» Gv Andrk, 
F.G.S., Assoc Inst. C.E. With 56 illustrations and 12 plates* 8vo r cloth, 
IO/. 6d. 

Surcharged and different Forms of Retaining Walls. 

By J. S. Tate. Illustrated, 8vo, sewed, 2j. 
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A Treatise on Ropemaking as practised in public and 

private Rope-yards, with a Description of the Manufacture, Rules, Tables 
of Weights, etc., adapted to the Trade, Shipping, Mining, Railways, 
Builders, etc. By R. Chapman, formerly foreman to Messrs. Huddart 
and Co., Limehouse, and late Master Ropemaker to H.M. Dockyard, 
Deptford. Second edition, i2mo, cloth, 3;. 

Laxtorts Builders and Contractors Tables ; for the 

use of Engineers, Architects, Surveyors, Builders, Land Agents, and 
others. Bricklayer, containing 22 tables, with nearly 30,000 calculations. 
4to, cloth, $s. 

Laxtotis Builders' and Contractors 9 Tables. ' Ex- 
cavator, Earth) Land, Water, and Gas, containing 53 tables, with nearly 
24,000 calculations. 4to, cloth, $s. 

Sanitary Engineering: a Guide to the Construction 

of Works of Sewerage and House Drainage, with Tables for facilitating 
the calculations of the Engineer. By Baldwin Latham, C.E., M. Inst. 
ClE., F.G.S., F.M.S., Past-President of the Society of Engineers. Second 
edition, with numerous plates and woodcuts, 8vo, cloth, 1/. 10s. 

Screw Cutting Tables for Engineers and Machinists \ 

giving the values of the different trains of Wheels required to produce 
Screws of any pitch, calculated by Lord Lindsay, M.P., F.R.S., F.K.A.S., 
etc. Royal 8vo, cloth, oblong, 2s. 

Screw Cutting Tables, for the 'use of Mechanical 

Engineers, showing the proper arrangement of Wheels for cutting the 
Threads of Screws of any required pitch, with a Table for making the 
Universal Gas-pipe Threads and Taps. By W. A. Martin, Engineer. 
Second edition, royal 8vo, oblong, cloth, is., or sewed, 6d. 

A Treatise on a Practical Method of Designing Slide- 

Valve Gears by Simple Geometrical Construction, based upon the principles 
enunciated in Euclid's Elements, and comprising the various forms of 
Plain Slide- Valve and Expansion Gearing ; together with Stephenson's, 
Gooch's, and Allan's Link -Motions, as applied either to reversing or to 
variable expansion combinations. By Edward J. Cowling Welch, 
Memb. Inst. Mechanical Engineers. Crown 8vo, cloth, 6s. 

Cleaning and Scouring : a Manual for Dyers, Laun- 
dresses, and for Domestic Use. By S. Christopher. i8mo, sewed, 6d. 

A Handbook of House Sanitation ; for the use of all 

persons seeking a Healthy Home. A reprint of those portions of Mr. 
Bailey-Denton's Lectures on Sanitary Engineering, given before the 
School of Military Engineering, which related to the "Dwelling," 
enlarged and revised by his Son, E. F. Bailey-Denton, C.E., B.A. 
With 140 illustrations, 8vo, cloth, St. 6d, 
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Treatise on Valve-Gears, with special consideration 

of the Link-Motions of Locomotive Engines. By Dr. Gustav Zeuner. 
Third edition, revised 'and enlarged, translated from the German, with the 
special permission of the author, by Moritz Miller. Plates, 8vo, 
cloth, iu. 6d, 

A Pocket-Book for Boiler Makers and Steam Users, 

comprising a variety of useful information for Employer and Workman, 
Government Inspectors, Board of Trade Surveyors, Engineers in charge 
of Works and Slips, Foremen of Manufactories, and the general Steam- 
using Public. By Maurice John Sexton. Second edition, royal 
32mo, roan, gilt edges, $s. 

The Strains upon Bridge Girders and Roof Trusses, 

including the Warren, Lattice, Trellis, Bowstring, and' other Forms of 
Girders, the Curved Roof, and Simple and Compound Trusses. By 
Thos. Cargill, C.E.B.A.T., CD., Assoc. Inst. C.E., Member of the 
Society of Engineers. With 64 illustrations, drawn and worked out to scale, 
8vo, cloth, I2j. 6d. 

A Practical Treatise on the Steam Engine, con- 
taining Plans and Arrangements of Details for Fixed Steam Engines, 
with Essays on the Principles involved in Design and Construction. By 
Arthur Rigg, Engineer, Member of the Society of Engineers and of 
the Royal Institution of Great Britain. Demy 4to, copiously illustrated 
with woodcuts and 96 plates, in one Volume, half-bound morocco, 2/. 2s. ; 
or cheaper edition, cloth; 2$s. 

This work is not, in any sense, an elementary treatise, or history of the steam engine, but 
is intended to describe examples of Fixed Steam Engines without entering into the wide 
domain of locomotive or marine practice. To this end illustrations will be given of the most 
recent arrangements of Horizontal, Vertical, Beam, Pumping, Winding, Portable, Semi- 

Strtable, Corliss, Allen, Compound, and other similar Engines, by the most eminent Firms in 
reat Britain and America. The laws relating to the action and precautions to be observed 
in the construction of the various details, such as Cylinders, Pistons, Piston-rods, Connecting- 
rods, Cross-heads, Motion-blocks, Eccentrics, Simple, Expansion, Balanced, and Equilibrium 
Slide-valves, and Valve-gearing will be minutely dealt with. In this connection' will be found 
articles upon the Velocity of Reciprocating Parts and the Mode of Applying the Indicator, 
Heat and Expansion of Steam Governors, and the like. It is the writer's desire to draw 
illustrations from every possible source, and give only those rules that present practice deems 
correct. 

Barlow s Tables of Squares, Cubes, Square Roots, 

Cube Roots, Reciprocals of all Integer Numbers up to 10,000. Post 8vo, 
cloth, 6s. 

Camus (M.) Treatise on the Teeth of Wheels, demon- 
strating the best forms which can be given to them for the purposes of 
Machinery, such as Mill-work and Clock-work, and the art of finding 
their numbers. Translated from the French, with details of the present 
practice of Millwrights, Engine Makers, and other Machinists, by 
Isaac Hawkins. Third edition, with 18 plates, 8vo, cloth, $s. 
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A Practical Treatise on the Science of Land and 

Engineering Surveying, Levelling, Estimating Quantities, etc., with a 
general description of the several Instruments required for Surveying, 
Levelling, Plotting, etc. By H. S. Merrett. Third edition, 41 plates 
with illustrations and tables, royal 8vo, cloth, 12s, 6d. 

Principal Contents : 

Partr i. Introduction and the Principles of Geometry. Part a. Land Surveying ; com- 
prising General Observations — The Chain — Offsets Surveying by the Chain only-— Surveying 
Hilly Ground — To Survey an Estate or Parish by the Chain only — Surveying with the 
Theodolite — Mining and Town Surveying— Railroad Surveying— Mapping— Division and 
Laying out of Land — Observations on Enclosures — Plane Trigonometry. Part 3. Levelling— 
Simple and Compound Levelling— The Level Book— Parliamentary Plan and Section- 
Levelling with a rheodolite — Gradients— Wooden Curves— To Lay out a Railway Curve — 
Setting out Widths. Part 4^ Calculating Quantities generally for Estimates — Cuttings and 
Embankments— Tunnels— Brickwork — Ironwork— Timber Measuring. Part 5. Description 
and Use of Instruments in Surveying and Plotting — The Improved Dumpy Level— Troughton's 
Level— The Prismatic Compass — Proportional Compass— Box Sextant — Vernier — Panta- 
graph — Merrett's Improved Quadrant— Improved Computation Scale — The^ Diagonal Scale— • 
Straight Edge and Sector. Part 6. Logarithms of Numbers — Logarithmic Sines and 
Co-Sines, Tangents and Co-Tangents— Natural Sines and Co-Sines— Tables 'for Earthwork, 
for Setting out Curves, and for various Calculations, etc., etc., etc. / 

Saws: the History \ Development, Action, Classifica- 
tion, and Comparison of Saws of all kinds. By Robert Grimshaw. 
With 220 illustrations, 4to, cloth, \2s. 6d. 

A Supplement to the above; containing additional 

practical matter, more especially relating to the forms of Saw Teeth for 
special material and conditions, and to the behaviour of Saws under 
particular conditions. With 120 illustrations, cloth, 9J. 

A Guide for the Electric Testing of Telegraph Cables. 

By Capt V. Hoskicer, Royal Danish Engineers. With illustrations, 
second edition, crown 8vo, cloth, 41. 6d. 

Laying and Repairing Electric Telegraph Cables. By 

Capt V. Hoskicer, Royal Danish Engineers. Crown 8vo, cloth, 
y. 6d. 

A Pocket- Book of Practical Rules for the Proportions 

of Modern Engines and Boilers for Land and Marine purposes. By N. P. 
Burgh. Seventh edition, royal 32mo, roan, 4*. 6d. 

Table of Logarithms of the Natural Numbers, from 

1 to 108,000. By Charles Babbage, Esq., M.A. Stereotyped edition, 
royal 8vo, cloth, Js. 6d. 

To ensure the correctness of these Tables of Logarithms, they were compared with Callett's, 
Vega's, Hutton's, Briggs', Gardiner's, and Taylor's Tables of Logarithms, and carefully read 
by nine different readers f and further, to remove any possibility of an error remaining, the 
stereotyped sheets were hung up in the Hall at Cambridge University, and a reward offered 
to anyone who could find an inaccuracy. So correct are these Tables, that since their first 
issue in 1837 no error has been discovered. 
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. The Steam Engine considered as a Heat Engine : a 

Treatise on the Theory of the Steam Engine, illustrated by Diagrams, 
Tables, and Examples from Practice. By Jas. H. Cotterill, M.A., 
F.R.S., Professor of Applied Mechanics in the Royal Naval College. 
8 vo, cloth, I2J. 6d. 

The Practice of Hand Turning in Wood, Ivory, Shell, 

etc., with Instructions for Turning such Work in Metal as may be required 
in the Practice of Turning in Wood, Ivory, etc. ; also an Appendix on 
Ornamental Turning. (A book for beginners.) By Francis Campin. 
Second edition, with wood engravings, crown 8vo, cloth, 6s. 

Contents : • 

Oa Lathes— Turning Tools— Turning Wood — Drilling— Screw Cutting — Miscellaneous 
Apparatus and Processes — Turning Particular Forms— Staining — Polishing — Spinning Metals 
— Materials — Ornamental Turning, etc. . 

* 

Health and Comfort in House Building, or Ventila- 
tion with Warm Air by Self-Acting Suction Power, with Review of the 
mode of Calculating the Draught in Hotr Air Flues, and with some actual 
Experiments. By J. Drysdale, M.D., and J. W. HaywaRD, M.D. 
Second edition, with Supplement, with plates, demy 8vo, cloth, Js. 6d. 

Treatise on Watchwork, Past and Present By the 

Rev. H. L. Nelthropp, M.A., F.S.A. With 32 illustrations, crown 
8vo, cloth, 6s. 6d. 

Contents : 

Definitions of Words and Terms used in Watchwork — Tools — Time — Historical Sum- 
jnary — On Calculations of the Numbers for Wheels and Pinions; their Proportional Sizes, 
Trains, etc.— Of Dial Wheels, or Motion Work — Length of Time of Going without Winding 
up — The Verge— The Horizontal— The Duplex — The Lever— The Chronometer — Repeating 
Watches— Keyless Watches—The Pendulum, or Spiral Spring — Compensation — Je welling of 
Pivot Holes — Clerkenwell— Fallacies of the Trade— Incapacity of Workmen— How to Choose 
and Use a Watch, etc. 

Spons Engineers* and Contractors Illustrated Book 

of Prices of Machines, Tools, Ironwork, and Contractors* Material; 
and Engineers* Directory. Third edition, 4to, cloth > 6s. 

Algebra Self Taught. By W. P. Higgs, M.A., 

D.Sc, LL.D., Assoc. Inst. C.E., Author of ' A Handbook of the Differ- 
ential Calculus,' etc. Second edition, crown 8vo, cloth, %s. 6d. s 

Contents : 

Symbols and the Signs of Operation — The Equation and the Unknown Quantity — 
Positive and Negative Quantities— Multiplication — Involution — Exponents — Negative Expo- 
nents — Roots, and the Use of Exponents as Logarithms — Logarithms 1 — Tables of Logarithms 
and Proportionate Parts — Transformation of System of Logarithms — Common IJses of 
Common Logarithms — Compound Multiplication and the Binomial Theorem — Division, 
Fractions, and Ratio— Continued Proportion— The Series and the Summation of the Series- 
Limit of Series — Square and Cube Roots— Equations— List of Formulae, etc. 
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TO 



SPONS' DICTIONARY OF ENGINEERING, 

Ctoil, JJUrjjanital, Ufifiiarjj, anir |fefraL 

Edited by ERNEST SPON, Memb. Soc. Engineers. 

The success which has attended the publication of • Spons' Dictionary of 
Engineering ' has encouraged the Publishers to use every effort tending to 
keep the work up to the standard of existing professional knowledge. As the 
Book has now been some years before the public without addition or revision, 
there are many subjects of importance which, of necessity, are either not 
included in its pages, or have been treated somewhat less fully than their 
present importance demands. With the object, therefore, of temedying these 
omissions, this Supplement is now being issued. Each subject in it is treated 
in a thoroughly comprehensive way ; but, of course, without repeating the 
information already included in the body of the work. 
The new matter comprises articles upon 



Abacus, Counters, Speed 
Indicators, and Slide 
Rule. 

Agricultural Implements 
and Machinery. 

Air Compressors. 

Animal Charcoal Ma- 
chinery. 

Antimony. 

Axles and Axle-boxes. 

Barn Machinery. 

Belts and Belting. 

Blasting. Boilers. 

Brakes. 

Brick Machinery. 

Bridges. 

Cages for Mines. 

Calculus, Differential and 
Integral. 

Canals. 

Carpentry. 

Cast Iron. 

Cement, Concrete, 
Limes, and Mortar. 

Chimney Shafts. 

Coal Cleansing and 
Washing. 



Coal Mining. 

Coal Cutting Machines. 

Coke Ovens. Copper. 

Docks. Drainage. 

Dredging Machinery. 

Dynamo * Electric and 
Magnetp-Electric Ma- 
chines. 

Dynamometers. 

Electrical Engineering, 
Telegraphy, Electric 
Lighting and its prac- 
ticaldetails,Telephones 

Engines, Varieties of. 

Explosives. Fans. 

Founding, Moulding and 
the practical work of 
the Foundry. 

Gas, Manufacture of. 

Hammers, Steam and 
other Power. 

Heat. Horse Power. 

Hydraulics. 

Hydro-geology. 

Indicators. Iron} 

Lifts, Hoists, and Eleva- 
tors. 



Lighthouses, Buoys* and 
Beacons. 

Machine Tools. 

Materials of Construc- 
tion. 

Meters. 

Ores, Machineiy and 
Processes employed to 
Dress. 

Piers. 

Pile Driving. 

Pneumatic Transmis- 
sion. 

Pumps. 

Pyrometers. 

Road Locomotives. 

Rock Drills. 

Rolling Stock. 

Sanitary Engineering. 

Shafting. 

Steel. 

Steam Navvy. 

Stone Machinery. 

Tramways. 

Well Sinking. 



NOW COMPLETE. 

With nearly 1500 illustrations, in super-royal 8vo, in 5 Divisions, cloth. 
Divisions 1 to 4, 13*. 6d. each ; Division 5, 17s. 6d. ; or 2 vols., cloth, £3 ioj. 

SPONS' ENCYCLOPEDIA 



OPTHX 



INDUSTRIAL ARTS, MANUFACTURES, AND COMMERCIAL 

PRODUCTS. 

Edited by C. G. WARNFORD LOCK, F.L.S. 

Among the more important of the subjects treated of, are the 
following : — 



Acids, 207 pp. 220 figs. 
Alcohol, 23 pp. 16 figs. 
Alcoholic Liquors, 13 pp. 
Alkalies, $9 pp. 78 figs. 
Alloys. Alum. 

Asphalt. Assaying. 
Beverages, 89 pp. 29 figs. 
Blacks. 

Bleaching Powder, 15 pp. 
Bleaching, 5 1 pp. 48 figs. 
Candles, 18 pp. 9 figs. 
Carbon Bisulphide. 
Celluloid, 9 pp. • 
Cements. Clay. 
Coal-tar Products, 44 pp. 

14 figs. 
Cocoa, 8 pp. 
Coffee; 32 pp. 13 figs. 
Cork, 8 pp. 17 figs. 
Cotton Manufactures, 62 

PP- 57 figs. 
Drugs, 38 pp. 
Dyeing and Calico 

Printing, 28 pp. 9 figs. 
Dyestuffs, 16 pp. 
Electro-Metallurgy, 13 

pp. 
Explosives, 22 pp. 33 figs. 
Feathers. 
Fibrous Substances, 92 

pp. 79 figs. 
Floor-cloth, 16 pp. 21 

figs. 
Food Preservation, 8 pp. 
Fruit, 8 pp. 



Fur, 5 pp. 

Gas, Coal, 8 pp. 

Gems. 

Glass, 45 pp. 77 figs. 

Graphite, 7 pp. 

Hair, 7 pp. 

Hair Manufactures. 

Hats, 26 pp. 20 figs* 

Honey. Hops. 

Horn. 

Ice, 10 pp. 14 figs. 

Indiarubber Manufac- 
tures, 23 pp. 17 figs. 

Ink, 17 pp. 

Ivory. 

Jute Manufactures, 11 
pp., 11 figs. 

Knitted Fabrics — 
Hosiery, 15 pp. 13 figs. 

Lace, 13 pp. 9 figs. 

Leather, 28 pp. 31 figs. 

Linen Manufactures, 16 
pp. 6 figs. 

Manures, 21 pp. 30 figs. 

Matches, 1 7 pp. 38 figs. 

Mordants, 13 pp. 

Narcotics, 47 pp. 

Nuts, 10 pp. 

Oils and Fatty Sub- 
stances, 125 pp. 

Paint 

Paper, 26 pp. 23 figs. 

Paraffin, 8 pp. 6 figs. 

Pearl and Coral, 8 pp. 

Perfumes, 10 pp. 



Photography, 13 pp. 20 

figs. 
Pigments, 9 pp. 6 figs. 
Pottery, 46 pp. 57 figs. 
Printing and Engraving, 

20 pp. 8 figs. 
Rags. 
Resinous and Gummy 

Substances, 75 pp. 16 

figs. 
Rope, 16 pp. 17 figs. 
Salt, 31 pp. 23 figs. 
Silk, 5 pp. 
Silk Manufactures, 9 pp. 

II figs. 
Skins, 5 pp. 
Small Wares, 4 pp. 
Soap and Glycerine, 39 

pp. 45 figs. 
Spices, 16 pp. 
Sponge, 5 pp. 
Starch, 9 pp. ip figs. 
Sugar, 155 pp. 134 

ngs. 
Sulphur. 
Tannin, 18 pp. 
Tea, 12 pp. 
Timber, 13 pp. 
Varnish, 15 pp. 
Vinegar, 5 pp. 
Wax, 5 pp. 
Wool, 2 pp. 
Woollen Manufactures, 

58 pp. 39 figs- 
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